
Computational Materials Science 45 (2009) 342–348
Contents lists available at ScienceDirect

Computational Materials Science

journal homepage: www.elsevier .com/locate/commatsci
A numerical solution based parameter estimation method for flash thermal
diffusivity measurements

Liguo Chen a,*, David R. Clarke a,b,1

a Mechanical Engineering Department, University of California, Santa Barbara, CA 93106, United States
b Materials Department, University of California, Santa Barbara, CA 93106, United States
a r t i c l e i n f o

Article history:
Received 29 August 2008
Accepted 2 October 2008
Available online 25 November 2008

PACS:
66.30.Xj

Keywords:
Thermal flash
Diffusivity
Parameter estimation
Heat loss
Finite pulse
0927-0256/$ - see front matter Published by Elsevier
doi:10.1016/j.commatsci.2008.10.011

* Corresponding author. Tel.: +1 805 304 6557.
E-mail addresses: lgchen@engr.ucsb.edu (L. Chen),

(D.R. Clarke).
1 Tel.: +1 805 893 8275.
a b s t r a c t

A data reduction method based on numerical solutions of the heat conduction equation has been devel-
oped for obtaining thermal diffusivity values from thermal flash measurements. Using the new method,
the computed evolution in temperature is fitted to the measured temperature evolution instead of using
the t1/2 point alone, as is done in many other analyzes. The numerical solutions used are based on the
finite-difference technique applied to the heat conduction equation including all the boundary condi-
tions. A nonlinear least-squares regression technique is used to estimate simultaneously the thermal dif-
fusivity, the heat transfer coefficient and the absorbed energy. Also, the effect of a finite pulse-width can
be corrected without knowing the exact shape of the heat pulse.

Published by Elsevier B.V.
1. Introduction

Since its introduction in 1961 [1], the thermal flash technique
has become a standard testing method for measuring the thermal
diffusivity of solids. In the test, a thin disk specimen is subjected to
a high-intensity, short duration radiant energy pulse. The energy of
the pulse is absorbed on the front surface of the specimen and the
thermal diffusivity value is computed from the resulting tempera-
ture response on the back surface of the sample, typically mea-
sured by an infrared (IR) detector. The variation in back surface
temperature with time following the thermal people is referred
to as a ‘‘Thermogram”. The model presented by Parker et al. [1] as-
sumes uniform heating of the front surface, no heat losses, and an
infinitesimally short pulse duration. In an actual measurement,
nearly every one of these assumptions is violated to some extent.
Consequently the analysis technique had been refined several
times to account for various assumptions [2–8].

By using the least square curve fitting data reduction methods
[10–13,15], the quality of experimental data can be checked by
observing deviations between the experimental data and the theo-
retical curve. For instance, poor quality data resulting from nonuni-
B.V.

clarke@engineering.ucsb.edu
form heating, drift of the specimen temperature, or slow response
of the temperature-detection system, can be identified quickly.
Thus, only good quality experimental data are selected, and there-
fore, thermal diffusivity values with smaller experimental uncer-
tainty are obtained. This parameter estimation approach has
become a common technique in this area.

Up until now analytical solutions have mostly been used in this
parameter estimation approach, but become more and more
expensive to implement because of the increasing complexity. In
some cases, there is no analytical solution. In our method, we
use a numerical solution approach instead. It has the advantage
that nearly all boundary conditions, which can have an influence
on the measurement, can be taken into account in a straightfor-
ward manner. For simple boundary conditions the calculation time
for the numerical solution can exceed the time needed for the eval-
uation of the analytical solution, but for more complex conditions,
the increasing computing speed and memory makes a numerical
solution more viable. As far as we know, this numerical solution
approach has never been used in this area yet.

In this paper, we will explain how this numerical solution ap-
proach used in the parameter estimation method. The thermal dif-
fusivity of the sample and the heat transfer coefficient as well as
the absorbed energy can be estimated simultaneously. Also by
adapting the method of Azumi and Takahashi [25], the finite
pulse-width effect can also be corrected without knowing the ex-
act pulse shape of the flash source. Precautions on picking the data

mailto:lgchen@engr.ucsb.edu
mailto:clarke@engineering.ucsb.edu
http://www.sciencedirect.com/science/journal/09270256
http://www.elsevier.com/locate/commatsci


0.0

0.5

1.0

1.5

2.0

0 0.1 0.2 0.3 0.4 0.5 0.6

Te
m

pe
ra

tu
re

 (o C
)

Time (s)

numerical solution: N=10numerical solution: N=10
analytical soluton

numerical solution: N=2numerical solution: N=2

numerical solution: N=5

Fig. 1. Comparison of numerical solution to analytical solution in normalized
thermograms. Input data a = 0.1 cm2/s, L = 0.1 cm, Tm = 2 �C. N is the number of
volume elements used in the numerical solution.
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fitting range using this method are pointed out. The accuracy of
this method was first checked by applying it on sets of numerical
generated data. Then the results on real experimental data are
compared with the other traditional methods.

2. Theoretical models

The formulae needed for the data reduction procedure can be
derived from solutions of the heat conduction equation, together
with appropriate initial and boundary conditions corresponding
to the thermal flash test. In the case in which the heat flux in the
sample is one dimensional, the heat conduction equation is

@T
@t
¼ a

@2T
@x2 ð0 6 x 6 L; t > 0Þ ð1Þ

where t is time, a is the thermal diffusivity, x is the space coordi-
nate, L is the sample thickness, and T = T(x, t) is the temperature
at the space-time point (x, t). In the ideal thermal flash experiment,
the initial and boundary conditions are

Tðx;0Þ ¼ 0 ð2Þ
@T
@x

����
x¼0
¼ �Q

k
/ðtÞ � h

k
Tð0; tÞ ð3Þ

@T
@x

����
x¼L

¼ �h
k

TðL; tÞ ð4Þ

where k is the thermal conductivity of the sample, Q is the amount
of heat absorbed through unit area of the sample face, h is the heat
transfer coefficient and /(t) is the flash pulse shape function.

By neglecting the heat loss effect (h = 0) and assuming instanta-
neous pulse heating,

/ðtÞ ¼ dðtÞ ð5Þ

where d(t) is the dirac delta function [16], the rear surface temper-
ature of the sample is given by the solution at x = L

TðtÞ ¼ Tm 1þ 2
X1
m¼1

ð�1Þn exp �n2p2at

L2

� �" #
ð6Þ

where

Tm ¼
Q

qcL
ð7Þ

is the steady state temperature in the sample after the pulse, q is
the density, and c is the heat capacity of the sample material. This
is the analysis provided by Parker et al. [1].

As an alternative method of solution of the heat transfer equa-
tion the rear-face temperature rise can be written using the La-
place transform method [17]

TðtÞ ¼ Tm
2Lffiffiffiffiffiffiffiffiffi
pat
p

X1
m¼0

exp �ð2nþ 1Þ2L2

4at

" #
ð8Þ

This series has very good convergence at early times (for small val-
ues of t). It is thus complementary to the solution (6) that converges
most rapidly at large values of t. In Section 4 we will use the analyt-
ical solutions to illustrate the accuracy of our numerical solution
and its convergence properties.

3. Numerical method

In the numerical model, time is divided into discrete steps Dt
and the thermal flash test specimen is subdivided into N volume
elements of thickness Dx along the x axis-the heat flow direction.
Using Eq. (1), the temperature T(x, t) is integrated forward in time
using the following explicit finite-difference algorithm at the inte-
rior points of a uniform grid:
Tðx; t þ DtÞ � Tðx; tÞ
Dt

¼ a
Tðxþ Dx; tÞ � 2 Tðx; tÞ þ Tðx� Dx; tÞ

Dx2 ð9Þ

At the boundaries Eq. (9) is applied and the Tð�Dx; t and TðLþ Dx; tÞ
that appear are eliminated by using the boundary conditions Eqs.
(3) and (4) in the forms,

TðDx; tÞ � Tð�Dx; tÞ
2Dx

¼ �Q
k

/ðtÞ � h
k

Tð0; tÞ ð10Þ

TðLþ Dx; tÞ � TðL� Dx; tÞ
2Dx

¼ �h
k

TðL; tÞ ð11Þ

As a result of numerical stability the time step Dt and the grid size
Dx are related by Von Neuman relationship [18]:

Dt 6
Dx2

2a
ð12Þ

The method is simple to implement in the sense that it is an explicit
scheme and advances the solution in time without solving a large
systems of equations as is necessary in the implicit method. In
demanding situations, extending the method into an implicit
scheme and higher order accuracy method can be expected to be
straightforward [18,19].

4. Numerical solution and convergence study

In this section we test our numerical method by comparing its
solution with the analytical method for the thermal flash test of
a homogeneous material. By refining the grid, we will show that
the numerical solution converges to the analytical one with negli-
gible truncation errors. For this comparison we consider the situa-
tion of no heat loss and instantaneous pulse heating, for which the
analytical solution can be given by Eq. (6) or equivalently, Eq. (8).
Typical results are shown in Fig. 1, where the simulated tempera-
ture were calculated from Eqs. (9)–(11). The input parameters used
for the comparison were a = 0.01 cm2/s, L = 0.1 cm, Tm = 2 �C. The
number of volume elements N = 2, 5, 10 was used respectively in
the numerical solution. The analytical solution was calculated by
using both Eq. (8) for small values of t and Eq. (6) for larger values
of t.

From the figures we can see by using more and more refined
grid N = 2, 5, 10, the numerical solution converged to the analytical
one. For N = 10, there is little difference between them, but for
greater confidence, we will use N = 20 in all the later runs.
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Fig. 2. Sensitivity coefficients for simulated run with a = 0.01 cm2/s, L = 0.1 cm,
Tm = 2 �C, Bi = 0.1.
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Although the test is only for the ideal case of no heat loss and
instantaneous pulse heating, the method is more general and will
apply to more complicated situations with heat losses or/and with
finite pulse heating effect.

5. Parameter estimation

The parameter estimation approach to data reduction involves
determination of parameters of interest through fitting of a calcu-
lated model to experimentally obtained data. The fitting is per-
formed by minimizing the mean square error between the
measured temperature versus time data and that predicted from
numerical solutions. The parameters of interest serve as the vari-
ables for the curve fitting process. A comprehensive treatment of
the parameter estimation method is presented by Beck and Arnold
[20].

In the thermal flash experiment, the data points are (t1, T1), (t2,
T2), . . . , (tn, Tn), where t is time, the independent variable, and T is
the detected back face temperature, the dependent variable. The fit-
ting curve f(t) has the deviation d from each data point, i.e.,
d1 ¼ T1 � f ðt1Þ; d2 ¼ T2 � f ðt2Þ; . . . ; dn ¼ Tn � f ðtnÞ. According to the
method of least squares, the best fitting curve has the property that:

II ¼ d2
1 þ d2

2 þ � � � þ d2
n ¼

Xn

i¼1

d2
i ¼

Xn

i¼1

½Ti � f ðtiÞ�2

¼minimum ð13Þ

The advantages of this method are that [14],

– It can reduce the effect of noise distortions to the transient sig-
nal, and it becomes especially useful, when noisy data prevent
simple application of more standard techniques.

– By comparing the experimental data and the calculated curve,
poor quality data and irregularities can be identified. Thus, only
good quality experimental data are used, and therefore, less var-
iability between data from successive experiments can be
obtained.

5.1. Grouping the parameters

In the thermal flash method we are interested in determining
the thermal diffusivity, but as indicated in Eqs. (1)–(4), there are
also some other parameters Q, k, h that are either unknown or
poorly known. Not all of them can be determined by the parameter
estimation process but specific groups of parameters can be iden-
tified [20], in this case, Q/k, h/k. To make it more intuitive, we sub-
stitute the parameters as follows:

Q
k
¼ TmqcL

k
¼ TmL

a
ðQ ¼ TmqcLÞ ð14Þ

h
k
¼ hL

k
� 1

L
¼ Bi

L
Bi ¼ hL

k

� �
ð15Þ

where Bi is the Biot number, the nondimensional parameter for
characterizing the heat loss [21] and Tm is the steady state temper-
ature of the sample after the pulse which can characterize the laser
pulse energy absorbed by the sample. The sample thickness L is eas-
ily measured leaving the other unknown parameters: a, Bi, and Tm

to be determined by the parameter estimation process.

5.2. Sensitivity coefficients

As part of the procedure of obtaining a nonlinear least-squares
curve fit to the experimental data, the sensitivity coefficients, Si,
[20], can be determined,
Si ¼ Pi
@~T
@Pi

ð16Þ

where eT is the normalized temperature rise, eT ¼ T=Tm, and Pi are
the curve fit parameters. Si may be thought of as the fractional
change in temperature produced by a unit fractional change in Pi.
The value of these sensitivity coefficients is that they indicate the
relative importance of the fit parameters. In general the sensitivity
coefficients are desired to be large, especially the one associated
with the thermal diffusivity. What is more, the sensitivity coeffi-
cients can help identify calculational regimes where the parameters
are most sensitive and hence the optimal region to perform the fit-
ting. These sensitivity coefficients for a simulated run from the
numerical solution are shown in Fig. 2. The input parameters were
a = 0.01 cm2/s, L = 0.1 cm, Tm = 2 �C, the same as in Fig. 1, together
with Bi = 0.1. The figure reveals the following information:

– The magnitude of the sensitivity coefficient for diffusivity is high
and is most sensitive around the half-time – the time in which
the rear-face temperature rise reaches one half of its maximum
value [1].

– The solution is not very sensitive to the heat loss parameter Bi
but is sensitive to the temperature rise Tm or absorbed energy
Q, especially at later times when the temperature is close to
the maximum.

5.3. Implementation on simulated data

As a further test, we compare the calculation with a variety of
simulated data. Typical results are shown in Figs. 3–5. Fig. 3 shows
simulated input data calculated from Eqs. (9)–(11) with the addi-
tion of Gaussian noise and assuming instantaneous pulse heating
Eq. (5). The input parameters were again a = 0.01 cm2/s,
L = 0.1 cm, Tm = 2 �C, Bi = 0.1, where standard deviation of noise is
5% of Tm. In the parameter estimation process, the initial values
of a, Bi and Ts are given, and the iteration is carried out until the
corresponding convergence condition is met. Here the residuals
of the parameters are less than 0.1%. The Matlab [22] function
‘‘nlinfit” has been adopted to complete the estimation process.

Fig. 4 shows the calculated fitted temperature vs time profile by
using the whole range of data from input. We note that the fitting
process is quite successful and all the three parameters a, Bi and Ts
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Fig. 3. Simulated data with Gaussian noise. Input data to run was a = 0.01 cm2/s,
L = 0.1 cm, Tm = 2 �C, Bi = 0.1. The standard deviation of noise is 5% of Tm.
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are determined within 1%. Next we limited the data range of fitting
from t = 0.04 to t = 0.4, the time over which the thermal diffusivity
has the highest sensitivity values, but Tm and Bi are not as sensitive
as shown in Fig. 2. The results are shown in Fig. 5. In agreement
with the sensitivity coefficients predictions, the accuracy of both
Tm and Bi dropped substantially, especially Bi has nearly 40% in er-
ror, while the determination of the diffusivity is still accurate, �1%.
As suggested by this simulated example, in an actual application of
the data reduction scheme, we may pick the data range of fitting
more efficiently, rather than simply fitting the whole range of data.

5.4. Finite pulse-width correction

Sometimes it is necessary to take into account the correction
due to the finite duration and shape of the heat pulse, for example,
when thin samples of high thermal diffusivity are tested or a broad
band radiative heating source is used instead of a pulsed laser. Var-
ious corrections have been described in the literature to take into
account the shape of the heat pulse, [23,3,5,24,25]. In each case,
the heat pulse shape was known. To include the finite pulse-width
correction into our data reduction method, we considered two
methods:

(I) If we know the pulse shape function /(t), we can use it in Eq.
(10). Then, the parameter estimation process can be applied
as before. We will refer to this as ‘‘method I”.

(II) If we do not know the pulse shape function, or we can not
measure it accurately, we use the procedure of Azumi and
Takahashi [25]. However, instead of shifting the time origin
explicitly as they do, we will simply add a new unknown tg

to our parameter estimation task. tg should be regarded as an
adjustment for the infinite pulse-width with respect to the
‘‘effective” irradiation time. We will refer to this as ‘‘method
II”.

Fig. 6 shows simulated raw data together with the fitted curve
obtained by using the above mentioned ‘‘method I”. The input
parameters were a = 0.01 cm2/s, L = 0.1 cm, Tm = 2 �C, Bi = 0.2 and
a square wave pulse of width s = 0.06, almost half of the half-time,
t1/2 � 0.1388 [1]. Again, the fitting process was quite successful
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since all the three parameters are determined within 1%. For
‘‘method II” we have to pick the data range to fit the curve, since
the time origin is shifted. Fig. 7 shows the error caused by the cor-
rection of simply shifting the time axis as Azumi and Takahashi
[25] have done, where there is no noise disturbance in the raw
data. As expected, there is large error near the origin, but after
twice the pulse-width s, it rapidly decays. So we want to pick
the data range far from the origin, but determination of the ther-
mal diffusivity requires that the range be within the high sensitiv-
ity range. There are no unique rules, so here we arbitrarily pick
three times the pulse-width s as a starting point. Fig. 8 shows
the fitted curve. Though the results are not as accurate as using
‘‘method I”, the thermal diffusivity was determined �1%. Also we
notice that the tg is very close to value calculated by using the cen-
ter of gravity of the pulse shape, a criterion introduced in reference
[25]. An advantage of this second method is that we do not have to
know the pulse shape. This is a significant advantage since the heat
pulse may not be simply characterizable or it may change from test
to test as well as from day to day.

6. Implementation on experimental data

In order to demonstrate the utility of this data reduction meth-
od, we present results obtained in determining the thermal diffu-
sivity of a number of materials ranging from an opaque ceramic
sample of pyroceram, a materials often used as a reference calibra-
tion sample, which has a low thermal diffusivity to copper, a high
thermal diffusivity material.

6.1. Experimental apparatus and measurement method

The measurements were conducted on a Flashline 3000 instru-
ment from Anter Corporation. This instrument uses a xenon flash
lamp under computer control to impart a brief but controlled
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Table 1
Diffusivity, in cm2/s, determined using different analysis method.

Method Pyro SC-180 SS Cu

Parker et al. [1] 0.0174 0.0269 0.0442 1.1464
Cowan [2] 5 t1/2 0.0159 0.0240 0.0404 1.0256

10 t1/2 0.0160 0.0251 0.0414 1.1327
Clark and Taylor [26] t0.7/t0.3 0.0159 0.0254 0.0425 1.0878

t0.8/t0.4 0.0160 0.0260 0.0409 1.2169
t0.8/t0.2 0.0158 0.0250 0.0413 1.1682

Degiovanni [7] 2/3 0.0152 0.0245 0.0423 1.5176
1/2 0.0157 0.0253 0.0434 1.2310
1/3 0.0161 0.0261 0.0412 1.2641

Koski [8] 0.0160 0.0252 0.0415 1.1451
Present work 0.0159 0.0246 0.0425 1.2056

The measurement precision is probably no better than the third significant number.
‘‘Pyro” is Pyroceram, a tradename, provided by Anter as a calibration material; ‘‘SC-
180” is a single crystal super- alloy material used for TBC substrate in industry; ‘‘SS”
is a stainless steel material provided by UCSB machine shop; ‘‘Cu” is a copper
material also provided by Anter as a calibration material.
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amount of energy to the sample. The light travels through a quartz
light pipe, which helps to ensure that the entire front side surface
of the sample is evenly heated, to illuminate the test sample. A
similar light pipe at the back side of the sample conducts the radi-
ation to a liquid nitrogen cooled infrared detector. The detector
measures the sample temperature and outputs a voltage to the sys-
tem electronics, which are controlled by the analysis software. The
software also controls the timing of the flash pulse, giving the ther-
mal history of the sample from a few seconds before the pulse to
several seconds after the pulse. From the voltage as a function of
time, the built-in software can calculate several thermal diffusivity
values using the corrections described in Refs. [2,26,7,8].

The specimen thickness at three different positions was mea-
sured using a micrometer and the average value was adopted in
the diffusivity calculation. The thermal flash measurements were
made with the sample held at a temperature of around 100 �C.
The average pulse width is �300 ls to 600 ls. We used ‘‘method
II” to correct the finite pulse effect, since we do not know the shape
of the pulse function. Generally it is hard to determine the actual
shape of the heat pulse delivered by the flash lamp because of its
multi-wavelength spectral nature.

6.2. Experimental results

Fig. 9 shows the temperature rise curve, the experimental ther-
mogram, measured for the Pyroceram sample. The raw data are
detector output voltage which can be changed into temperature
rise. Also, the data has been smoothed by a high frequency noise
filter in the system, but there is still noticeable low frequency noise
which is difficult to remove [9]. In accord with the above men-
tioned sensitivity analysis, we have taken into account the experi-
mental points which lie in the the rising part of the temperature vs
time curve. Fig. 10 shows the calculated fitted curve with the resid-
uals. The magnitude of the residuals should be read from the right
y axis. From the random distribution shape of the residuals, we can
see the fitted curve agrees well with the the experimental curve. A
comparison of our results with the results determined by other
methods implemented in the Anter software from the same mea-
surement data is given in Table 1 and shows that the present meth-
od of data reduction is comparable in accuracy with other special
methods [1,2,6,26,7,8] including ones using laser pulse heating as
distinct from the flash lamp sources. Calculations and comparisons
for all materials are also included in the table.

7. Concluding remarks

This paper presents a new data reduction method for determin-
ing thermal diffusivity from thermal flash experiments. It is based
on numerical solutions of the heat conduction equation and uses a
nonlinear parameter estimation technique. Experimental tempera-
ture vs time data are first recorded, then the calculated curve from
numerical simulation is fitted to the experimental temperature–
time curve. The method was first tested on sets of simulated data
and then on sets of experimental thermal flash data.

Although the results show that the accuracy of our procedure is
comparable with that of other methods for determining thermal
diffusivity from thermal flash measurements for simple materials
under well defined conditions, the real advantage of the method
is that radiation heat loss and finite pulse-width effects can be
readily corrected. More importantly, the effect of a finite pulse-
width can be eliminated without knowing the precise shape and
duration of the heat pulses. Also following the spirit of current
work, it is expected to be relatively straightforward to extend this
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method for two or multi-layer materials, which have very compli-
cated analytical solutions.
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[11] J. Gembarovič, L. Vozár, V. Majerník, Int. J. Heat Mass Transfer 33 (7) (1990)

1563.
[12] M. Raynaud, J.V. Beck, R. Shoemaker, R. Taylor, Therm. Conduct. 20 (1989) 305.
[13] J.V. Beck, R. Dinwiddie, Therm. Conduct. 23 (1996) 107.
[14] A. Cezairliyan, T. Baba, R. Taylor, Therm. Conduct. 15 (1994) 317.
[15] J.V. Beck, Inverse Problems in Engineering/Theory and Practice, ASME, New

York, 1998. p. 531.
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