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19.1  Introduction

A detailed understanding of thermal transport at the nanoscale is becoming increasingly needed. This 
need is largely being driven by two distinct technological challenges. First, continuous miniaturization 
of electronic devices and the ever-increasing density of the components on integrated circuits (ICs) place 
ever-increasing thermal loads on systems. Indeed, it is now necessary to make thermal design an integral 
part of the development of many electronic devices, not just at the packaging level, but also at the device 
and individual junction level. Moreover, as in the case of the electric conductivity, as the characteristic 
feature sizes ICs rapidly approach the nanoscale, the thermal transport behavior demonstrates unex-
pected features such as hotspots,1 which need to be clearly understood and incorporated into complete 
thermal–electrical–mechanical designs. Second, ever-increasing use of the energy resources of our planet 
requires a realistic set of solutions that includes additional, and more efficient, ways of energy generation, 
energy usage, and energy distribution. Consequently, efficient energy technologies require significantly 
improved thermal management. In some cases, such as ICs, the primary objective is to make the thermal 
transport as efficient as possible. In other cases, such as thermal barrier coatings2,3 and thermoelectric 
devices,4,5 the primary objective is to minimize thermal transport. In yet other cases, such as in the case 
of UO2 and other nuclear fuels, whose chemistry and microstructure evolve during burnup, the chief 
challenge is to understand and control the thermal environment throughout its lifetime.

The thermal conductivity of electrical insulators, from which many thermal management systems are 
engineered, is mediated by lattice vibrations, phonons in the language of quantum mechanics. Lattice 
vibrations couple to each other and can strongly couple with any structural defects—surfaces, grain 
boundaries, dislocations, precipitates, or point defects. As such, the thermal conductivity can be very 
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sensitive to microstructure; this opens up the possibility of control of thermal transport through micro-
structural and defect engineering. Thus, the focus of this review is the interaction of phonons with micro-
structure in crystalline materials and the effect on thermal transport. At very high temperatures, typically 
more than 1000 K, radiative contributions to the thermal conductivity can be significant; we do not 
address radiative transport here. We also only briefly consider thermal transport in amorphous materials.

The rest of this chapter is organized as follows. In Section 19.2, we discuss pertinent aspects of the 
fundamental theory of the thermal transport. Section 19.3 introduces various atomistic computational 
methods that are designed to overcome difficulties appearing in the theoretical approaches. The follow-
ing three sections are dealing with the effects of the microstructural features on the thermal conductivity: 
Section 19.4 discusses point defects and other zero-dimensional features, Section 19.5 introduces dis-
locations contributions, while Section 19.6 probes the effects of the grain boundaries and interfaces. 
Section 19.7 is devoted to short overview of the thermal conductivity in the 1D structures: nanowires 
and nanotubes. Finally, conclusions are presented in Section 19.8.

19.2  Fundamentals of Phonon Transport

Transport of thermal energy requires carrier particles or waves that transfer energy from one region 
of space to another. Each of the three distinct mechanisms of thermal transport involves a different 
energy carrier: radiative (mediated by photons), convective (mediated by the physical movement of heat 
carriers), and conductive. Thermal conduction in metals is usually dominated by electrons, except in 
alloys with low electrical conductivity. This review focuses on thermal conduction mediated by lattice 
vibrations. In most electrical insulators, phonon conductivity dominates up to ∼1000 K, although in 
some cases polaronic contributions can be significant at high temperatures.6,7 Furthermore, heat con-
duction by polarons is limited to a narrow range of materials and is also particularly complicated to 
analyze since it is inherently a mixed electron–phonon state.

Since the theory of lattice dynamics (LD) (the theory of phonons) is well established, going back 
to work of Born and Huang,8 we refer readers to a number of excellent textbooks9,10 and reviews11 for 
details. The most important aspect from the thermal transport perspective is that the motion of the 
individual atoms in the crystal lattice can be represented in the harmonic approximation as an ensemble 
of excitations, each of which has a well-defined energy and crystal momentum. The dispersion relation 
for the structure captures the dependence of the energy on the phonon momentum; it is typically a very 
complicated function determined by the intricacies of the interatomic interactions, the different types 
of atoms, and the crystal structure. When quantized, these excitations are referred to as phonons, a 
term that is often also used informally to describe classical lattice vibrations. Phonons carry energy as 
they propagate through the crystal and thus contribute to the thermal conductivity. Within the purely 
harmonic picture of lattice vibrations, phonons are the quantum eigenstates of the atomic system. Thus, 
they can propagate without dissipation. As a result, a purely harmonic solid has, in principle, an infinite 
thermal conductivity.12 In order for a solid to have a finite thermal conductivity, as all solids actually do, 
dissipation must occur by phonon scattering off either each other (anharmonic interactions) or from 
imperfections of the lattice (point defects, dislocations, interfaces, etc.).

Treating phonons as pseudo-particles traveling through a solid, the application of basic kinetic theory 
easily produces an expression for the thermal conductivity, κ, known as the Debye equation:

 
κ = 1

3
C vlv ,

 
(19.1)

where
Cv is the heat capacity at constant volume
v is the velocity of the phonons, identified on this level of theory with the speed of sound
l is the phonon mean free path—the characteristic length for scattering of phonons off each other or 

off a structural defect
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The specific heat and the speed of lattice vibrations are straightforward to determine; moreover, they are 
both essentially independent of the microstructure of a system. Analogous to the case in which kinetic 
theory is applied to gases, there is a natural interpretation of the mean free path in terms of the mean 
spacing between scattering events. The interpretation of the mean free path in the case of phonons can 
be more complicated, and most of the subsequent developments of the theory of thermal conduction, 
especially in crystals containing defects, are essentially based on attempts to characterize this scatter-
ing length.

Thermal transport in amorphous materials is also driven by lattice vibrations, but in a different 
manner.13,14 The temperature dependences of their thermal conductivities are strikingly different: in 
crystalline systems, the thermal conductivity above cryogenic temperatures decreases as the tempera-
ture increases, whereas the thermal conductivity of amorphous materials above the Debye temperature 
increases weakly with increasing temperature. At lower temperatures, other quantum effects complicate 
the picture.15 In amorphous materials, most lattice vibrations are strongly localized or have zero veloc-
ity (nonpropagating modes) and cannot contribute to the thermal conductivity in the same manner 
as in crystalline materials. Instead, energy transport occurs through a hopping mechanism between 
localized modes14 or by “diffusion” of nonpropagating modes.13 In the first case, anharmonicity leads to 
a coupling between different localized modes and an increase in the thermal transport, opposite to its 
effect in crystalline solid.

The formal atomistic theory of thermal conductivity incorporating defects was first worked out in 
detail by Klemens,16,17 Carruthers,18 Ziman,19 and Callaway.20 In their approach, the various scattering 
mechanisms (anharmonicity, point defects, and dislocations, for instance) are treated as perturbations 
to the harmonic Hamiltonian. Scattering probabilities are then computed following the Fermi Golden 
rule, while transport properties are described by the Boltzmann transport equation (BTE) for the 
probability distribution function f λ of the phonons in the state λ ( f0

λ is the equilibrium Bose–Einstein 
distribution):

 
− ∂

∂
=v f

T
T fscattλ

λ
λ0 ∇ � .

 
(19.2)

On the left-hand side of the equation, the usual assumption of the local equilibrium is made. Full solu-
tion of the BTE itself is a formidable task. A standard way forward is to use the relaxation time approxi-
mation (RTA). This approximation makes two assumptions: (i) if a probability distribution function for 
a given phonon mode is not an equilibrium distribution, then the scattering strength is proportional 
to the deviation from equilibrium with some characteristic time constant τ that encapsulates all the 
information about the scattering processes; (ii) each relaxation mode is independent of all the others, 
and thus, all other modes are considered to be in equilibrium. Under these assumptions, the BTE can 
then be simplified to

 
− ∂

∂
= −v f

T
T f f

λ

λ λ λ

λτ
0 0∇ .

 
(19.3)

Both assumptions can be traced to the postulated weak nonequilibrium: the first one is essentially 
characteristic of linear response, while the second is a direct consequence of the condition that 
Δf = f − f0 << f0. Equation 19.3 can also be viewed as a definition for a specific approximate perturbation 
Δf. Application of a variational formalism to BTE19,21,22 shows that thermal conductivity is a functional 
of the perturbation from equilibrium, with the maximum value at true perturbation. From this per-
spective it is clear that the RTA should always underestimate the thermal conductivity. Indeed, several 
recent investigations23,24 demonstrate that the RTA underestimates the thermal conductivity by as little 
as a few percent to about 80% in 3D solids. The general trend is that the higher the thermal conductivity 
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of the solid, the worse RTA performs.24 Within the RTA, the value of the thermal conductivity can be 
expressed as a generalization of the Equation 19.1:

 
κ ij v i jC v v= ∑ λ λ λ

λ

λ

τ .
 

(19.4)

where
i and j are the Cartesian indexes
λ, as before, denotes the phonon states

This expression contains considerably more information than the simple kinetic formula, since now the 
contribution of each phonon state is taken into account separately, rather than using simple average val-
ues. Although still a formidable equation to evaluate, all the components in this equation can at least in 
principle, be calculated from the phonon properties. However, even for the simplest crystal lattices and 
drastically simplified atom–atom interactions, it cannot be calculated analytically. The analysis is even 
more difficult for complex crystal structures with realistic interatomic potentials. So, to make further 
progress, the Debye approximation is typically used for the phonon dispersion relationship (therefore 
neglecting most of the details of the true interatomic interactions). This allows the equation to be trans-
formed from a sum over individual states to an integral over all possible phonon frequencies:

 
κ

π
ω τ ω ω ω

ω

= ∫1
2 2

2

0
v

Cv

d

( ) ( ) d .
 

(19.5)

With this formulation, analytic formulae can be obtained for cases in which the phonon lifetimes cor-
responding to different scattering mechanisms can be expressed as a function of phonon frequency. If 
there is more than one scattering mechanisms, the contribution of the each can then be added together 
by the means of the Matthiessen rule15 to obtain the total phonon lifetime, τ.

 

1 1 1 1
τ τ τ τ

= + +
u d b

…,
 

(19.6)

where we identify the contributions from anharmonic scattering τu, point defects contributions τd, and 
boundary effects τb. Specifically, in a perfect crystal, the contribution of the leading term of the anhar-
monic scattering τu can be expressed as16:

 

1 2

τ
ω ξ

u
A T B T= −exp( )./

 
(19.7)

Integrating over the entire phonon spectrum then produces an estimate for the thermal conductivity and a 
dependence on 1/T. Since the Debye approximation is rather crude in most cases, only the functional form 
(temperature and frequency dependence) is claimed to be correct, while the exact numerical coefficients 
(A, B, and ξ in Equation 19.7) are expected to be material specific and thus have to be fitted to the experi-
mental data. This has proven to be a reasonable approach since acoustic phonons are described surprisingly 
well by the Debye model and in many cases are the dominant heat carriers in simple crystal structures 
with only one or two atoms per unit cell (e.g., in silicon).25 Models of this type have been widely used to fit 
experimental data of perfect crystalline solids. More generally, discrepancies from the anharmonic model 
predictions indicate that other scattering mechanisms are important. Even taking other scattering mecha-
nisms into account, this approach lacks the power to quantitatively predict the thermal conductivity.

Theory of the kind just described allows for qualitative understanding of the lattice thermal con-
ductivity as a function of temperature in many crystalline solids. Interplay among the three different 
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scattering mechanisms introduced in Equation 19.6 produces log–log plot in Figure 19.1.26 At the very 
highest temperature, the thermal conductivity is independent of temperature. In this regime, the ther-
mal conductivity has a minimum value, κmin, as a result of the phonon mean free path being equal to the 
interatomic spacing.26,27 In pure elements, this limit is rarely seen because most elements melt close to 
or below this temperature but it is evident in several complex oxides. As the temperature is decreased, 
anharmonic phonon–phonon interactions dominate and the thermal conductivity is approximately 
inversely proportional to temperature (experimentally observed powers are in the range of 0.9–1.3). 
As the temperature is lowered further, the exponential factor in τu starts to contribute significantly, 
and phonon–phonon scattering is drastically reduced. This results the thermal conductivity depending 
exponentially with decreasing temperature. The mean free path of the phonons (l = vτ) also exponen-
tially increases. Thus, at low (typically cryogenic) temperatures, the mean free path is limited by sample 
size. This effect produces a maximum in the thermal conductivity plot. The value at the maximum 
is therefore controlled by the samples size.28 In nanostructured materials, this maximum is lower in 
magnitude and is controlled by the grain size or feature size rather than the sample size. Going back to 
Equation 19.4, we can see that the only temperature-dependent term left is the specific heat, which varies 
as T 3 at low temperature. The thermal conductivity is therefore proportional to T 3 down to cryogenic 
temperatures.

For complete derivations of the transport theory applied to phonons, the reader is referred to the text 
by Grimvall.29 It should be emphasized that the classical 1/T dependence is rarely precisely given, and 
that rather the conductivity fits a more complex form, asymptoting at high temperatures, generally in 
excess of several times the Debye temperature, to a minimum value κmin. Appearance of the minimum 
thermal conductivity might be understood from the fact that phonon mean free path in a solid cannot 
be smaller than the interatomic distance. Therefore, as the temperature rises and mean free path getting 
shorter, there ought to be a lower limit. This discussion, of course, assumes that the phonon picture of 
the solid is valid at these high temperatures, which is not necessarily the case. The idea of the minimum 
thermal conductivity30 in disordered crystals is similar in spirit, but produced by the strong structural 
disorder in the system rather than thermal disorder.

The above theory provides a great deal of insight into the thermal conductivity in ideal crystalline 
solids. However, there are a number of examples for which the underlying approximations break down 
and one is forced to use computer simulations to investigate the thermal conductivity. Moreover, the 
RTA has been shown to be inadequate in 1D and 2D systems.31 Furthermore, the Debye approximation 
that works so well for acoustic phonons does not properly describe optical phonons. These optical pho-
nons turn out to be crucial in complex crystal structures with several different atoms per unit cell, for 
instance in many ionic systems, and can contribute up to about 40% of the overall thermal conductivity 
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FIGURE 19.1 Generic temperature dependence of lattice thermal conductivity in a crystalline solid.
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in even relatively simple oxides, such as perovskite-structured SrTiO3.24 In the following section, we will 
discuss computational techniques for the calculation of the thermal conductivity, pointing out both 
their capabilities and their shortcomings.

19.3  Simulation Methods

Atomistic simulations, in contrast to the analytic methods described earlier, attempt to predict the ther-
mal conductivity through a comprehensive and rigorous analysis of the atomic level structure and the 
interatomic interactions. A hierarchical classification of methods is presented in Figure 19.2 along with 
the relationships among them.

The most accurate descriptions of the interatomic interactions come from electronic structure methods 
such as density functional theory.32 However, these methods are very computationally intensive even for 
basic structural and phonon analysis. As a result, their use for the analysis of thermal transport is very much 
in its infancy, although it can be expected to become of greater utility with continued increases in compu-
tational power. Most microscopic analysis of thermal transport properties has therefore used semi-empir-
ical classical potentials in which the interatomic interactions are described in terms of force fields, which 
attempt to capture the key interatomic forces without explicitly including the electrons or their interactions. 
The advantages of this atomistic approach lie in its computational speed and simplicity; however, these clas-
sical potentials generally have a limited ability to faithfully represent material properties. Development of 
the new generation of classical potentials capable of capturing material properties in a wide variety of envi-
ronments is an active area of research.33–36 It is thus important to keep in mind that the correctness of the 
quantitative predictions from such methods is determined by the fidelity of the interatomic potential used 
in the simulations. As described in the following, other methodological limitations typically also apply.

Simulation methods for the calculation of the thermal conductivity from the atomistic perspective can 
be categorized as methods that compute thermal conductivity starting from the phonon properties (LD 
with the BTE),21–23,37–41 methods based on nonequilibrium Green functions (NEGF),42–44 or methods that 
compute thermal conductivity values directly (Green–Kubo and nonequilibrium molecular dynamics 
methods).45 These methods can be viewed as complementary to each other as their ranges of applicability 
are quite distinct. The LD methods and the methods that start from the phonon properties are typically 
applicable at low temperatures (below some fraction of the melting temperature) because they correctly 
treat the Bose–Einstein statistics of the phonons. However, their approximate treatment of the anharmonic 
effects becomes increasingly indefensible as the temperature is increased. Molecular Dynamics (MD) 
methods, on the other hand, sample the classical atomic trajectories and are therefore strictly applicable 
only at high temperature (above the Debye temperature). Thus, they are most sound in the temperature 
region in which the phonon-based methods are the most suspect. The MD methods cannot capture the 
quantum effects; however, see Ref. [46] for a review of correction methods. There is also a substantial dif-
ference in the kind of systems that can be treated by the different methods. While MD methods can tackle 
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FIGURE 19.2 Relationships among atomic scale simulation methods for thermal transport.
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both small and large systems, the size of the system that can be treated in LD methods is severely restricted 
because the computational load scales as ∼N4 × k2, where N is the number of atoms and k is the number of 
k-points in the Brillouin zone.22,41 The largest systems studied thus far are Si nanowires47 containing up to 
∼3000 atoms. Here, however, only the single k-point (the Γ-point) at the center of the Brillouin zone was 
considered. Simulations with a realistic sampling of the k-mesh are currently restricted to far fewer atoms.

LD approaches essentially use numerical methods to work through the Klemens formulation for 
computing thermal conductivity as described in the previous section. That is, derivatives of an inter-
atomic potential for a specific material are used to generate phonon dispersion relationships (from the 
second derivatives) and interactions among phonons (from the third derivatives, and in some cases 
fourth derivatives). The BTE is then linearized in the approximation of small deviations of the phonon 
distribution functions from equilibrium. Solution of the BTE is found either using the RTA,41 variational 
method,21,37 or by full iterative solution.38–40 For a comparison between different methods, see Ref. [22]. 
One of the great advantages of this strategy is that it is possible to use first-principles calculations based 
on density functional theory23,48,49 for the determination of these phonon properties. The first results of 
such calculations are quite encouraging, as they show very good agreement with experimental values of 
the thermal conductivity for Si, diamond, and Ge.23

Another approach that begins with phonon properties is the NEGF. This method is developed to study 
quantum transport in the nanostructures (for a recent review, see Ref. [50]). While the BTE method 
described above requires local equilibrium in the system (which essentially restricts the overall size of 
the system to larger than a phonon mean free path), the NEGF method does not require equilibrium to 
be established in the system of interest. In that sense, NEGF is the only method that is strictly valid for 
very small nanostructures, since the notion of the thermodynamic equilibrium for a handful of atoms 
is ill-defined. The premise of the method is very similar to that employed for the calculations of the 
electrical conductivity through molecular junctions. Namely, the nanostructure is considered to be in 
contact with two leads, both of which are semi-infinite and coupled to a heat bath at some temperature. 
Correspondingly, each of the leads has phonon populations established in them that corresponds to the 
lead temperature. These leads couple to a nanostructure, and heat current through the system might be 
expressed through the analog of Landauer formula for electrical conductivity44:

 
J f f Th c= −⎡⎣ ⎤⎦

∞

∫1
2

0
π

ω ω ωd ( ).�

 
(19.8)

where
fh and fc are the Bose–Einstein distributions of the hot and cold leads
T(ω) is the frequency dependent transmission coefficient

The latter can be computed through the NEGF of the system, calculation of which involves the dynamical 
matrix of the nanostructure. Just as in the electrical case, the thermal conductivity appears to be quan-
tized, as was indeed observed experimentally.51 It is important to note that in contrast to the BTE approach 
described previously, the NEGF method is typically concerned with the ballistic transport. In that sense 
phonon scattering/anharmonicity of the atomic bonds is not important; rather, the thermal conductivity is 
a result of the quantum interference of different phonon states. However, the NEGF formalism can also be 
applied to a diffusive limit, well-described by the BTE.52

MD methods can be subdivided into nonequilibrium MD (NEMD), also known as direct methods, and 
Green–Kubo methods. For a comparison between the two and examples of applications see Ref. [45] and 
reference therein. The direct methods are very much like a simple experiment. One region of the simula-
tion cell is heated and a second region some distance away is cooled. The temperature profile between the 
hot and cold regions is determined, from which the temperature gradient can be calculated. If the amount 
of energy needed to maintain the elevated temperature in the hot region and reduced temperature in the 
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cool region is known, then the heat current can be computed, from which the thermal conductivity can 
be calculated using Fourier’s law. Thermal gradients established or defined during NEMD calculations are 
typically of the order 108–109 K/m, many orders of magnitude greater than the experimentally observable 
ones (102–103 K/m); however, Fourier’s law still seems to remain valid, as demonstrated by changing the 
heating/cooling rate heat source/sink45 and observing the same values of thermal conductivity.

In contrast to the NEMD method, Green–Kubo methods are based on linear response theory and 
compute the thermal conductivity from the heat current J correlation function:

 
κ ij

B
i jk VT

J J t t= 〈 〉
∞

∫1
3

02
0

( ) ( ) d .
 

(19.9)

Here
kB is the Boltzmann constant
V is the volume
T is the temperature

These methods rely on intrinsic fluctuations in the energy at equilibrium without any temperature 
gradient. One advantage of this method is the relatively small simulation cell size required (much 
smaller than one required for an NEMD method) and equilibrium MD runs. The disadvantages of the 
Green–Kubo method include poor convergence and the intrinsic difficulty in defining the heat current 
for complicated many-body interatomic potentials. Both classes of MD methods also suffer from system 
size effects: the longest wavelength of a phonon is limited by the system size. For a detailed description 
of these effects and methods to take them into account see Refs. [45,53].

There are also hybrid methods for analyzing thermal transport. One method54,55 simulates the inter-
action of a packet of phonons with the nanostructure (e.g., point defects,56 grain boundaries,57 or car-
bon nanotube [CN] junctions58). The initial state of the system of interest contains a localized wave 
packet of phonons from a single branch and with a narrow range of k-values. This wave packet is then 
allowed to propagate by evolving the system by means of standard molecular dynamics; its interaction 
with the nanostructure feature is then studied. Although the system is intrinsically classical, one can 
obtain information about the behavior of individual phonons and understand the details of the thermal 
transport in systems that are too large to study by the means of LD. Another approach59,60 calculates the 
relaxation time of the individual phonons from equilibrium molecular dynamics (RTA-ED). The RTA is 
then used to calculate the thermal conductivity and provides the phonon resolution of the LD methods. 
Again, the use of MD simulations means that the approach is applicable only above the Debye tempera-
ture. This method does, however, have the computational advantage that they require shorter MD runs 
than Green–Kubo methods and smaller system sizes than direct methods.

We summarize these simulation methods in Table 19.1, which list the group of methods and the types 
of the approximations that are used, along with the some remarks about their capabilities.

TABLE 19.1 Comparison of Simulation Methods for Thermal Transport

Method NEMD GK-MD BTE NEGF RTA-ED WP

Full anharmonicity Yes Yes No No Yes Yes
Quantum effects No No Yes Yes No No
Ab initio Yes/no Yes/no Yes Yes Yes/no No
Low symmetry Yes Yes Limited Yes Yes Yes
Boundary resistance Yes No No Yes? No Yes

NEMD, nonequilibrium molecular dynamics; GK-MD, Green–Kubo approach; BTE, 
Boltzmann transport equation; NEGF, nonequilibrium Green’s function method; RTA-ED, 
relaxation time-equilibrium dynamics; WP, Pave Packet propagation technique.
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In summary, the many different tools been developed in recent years that complement each other. 
For each specific problem, the appropriate choice of atomistic methodology can provide reliable and 
rapid answers.

19.4  Point Defects and Small Clusters

We begin with a discussion of how zero-dimensional defects (point defects, precipitates, and inclusions) 
influence the thermal conductivity. The basic mechanism is very simple: the presence of the defect dis-
rupts the periodicity of the lattice and provides a scattering center for phonons. This scattering can be 
quite strong; indeed, point defects have been shown to significantly reduce the thermal conductivity of 
several crystalline materials.

19.4.1  Point Defects

The simplest type of point defect is an isotopic substitution: the force constants for all of the interatomic 
interactions remain the same while mass is slightly altered. This case is easily treated by perturbation 
theory and produces additional phonon scattering with a relaxation time (as usually one resorts to 
Debye approximation as well)17,61:
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where
mi is the mass of the isotope
ci is its concentration
mave is the average mass of the atoms in the system
Va is an atomic volume
v is the speed of sound

Dependence of the scattering strength on the forth power of the phonon frequency is expected in this 
case, since it can also be considered as Rayleigh scattering: the smallest phonon wavelength is of the 
order of lattice constant, while the effective size of the scattering center is the mean square displacement 
of the isotope atom from the lattice site (a small fraction of a lattice constant). This approach can also be 
extended to more than one isotope and more than one constituent atom type.61,62

If the defects are randomly distributed and the concentration is small, thermal conductivity is inversely 
proportional to the defect concentration. LD methods, using phonon properties determined from ab initio 
calculations, were used for Si, Ge, and diamond23; excellent agreement was obtained with the experimen-
tal data on both isotopically pure and isotopically impure samples. The effect is quite strong even for this 
relatively small perturbation: for example, in diamond, the difference in thermal conductivity of isotopically 
pure and naturally occurring samples has experimentally been found to be of the order of 40%.63,64 Diamond 
is actually a very severe case because mi = 13 amu, while mave = 12 amu. One can conclude from the studies of 
diamond and other simple solids that the effect of this type of simple substitution is relatively well understood.

A more complicated case is the substitution by a chemically different atom. In that case, all of the 
interatomic interactions, and thus the force constants, are different from the pure material. This results 
in contributions to the scattering beyond the isotope effect alone. Detailed calculations at the LD level 
are too involved in that case and one typically has to resort to the Klemens–Callaway formulation with 
all the detailed contributions lumped into the single “scattering strength” parameter, Γ:
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Klemens17 derived formulae for the scattering parameters that involve the differences in the force constants 
between original atom and substitution atoms, atomic size effects, and the effect of the strain field associ-
ated with this substitution. There have been many examples of the success of this empirical approach, but it 
should be noted that the atomic size effects have generally been ignored in the majority of the analyses for 
lack of appropriate estimates of this contribution. A rather successful example of using this theory is the case 
of pyrochlores.65 As yet, no calculations have been performed of this scattering parameter starting from an 
atomic model at the LD level. MD calculations have been performed on system with defects,66,67 but they only 
yield a value for the net thermal conductivity and not any significant mechanistic insight. Simulations using 
the wave packet method56 in germanium-doped silicon found that at low-defect concentrations, the scatter-
ing events are independent, the ω4 frequency dependence predicted by Klemens holds and effect is inversely 
proportional to the concentration. However, if the average distance between the defects is of the order of 
the phonon wavelength, then this simple analysis fails. Experimental results, as well as theoretical consider-
ations, predict that at higher concentrations their contribution changes more slowly, roughly proportional 
to the square root of the concentration.68 In addition, resonant scattering effects have been observed in Si,56 
which are completely omitted from the Klemens theory but may be important in specific cases.

19.4.2  Nanoscale Precipitates and Inclusions

The effect of nanoscale precipitate and inclusions poses a particular challenge to our understanding of 
microstructural effects on thermal conductivity. At the largest sizes, it can be supposed that they simply act 
as second phases, affecting thermal conductivity through a volumetric factor, with the majority of phonons 
interacting with their interfaces as if they are locally planar. Under these conditions, the macroscopic effec-
tive medium theories of Nan et al.69,70 can be expected to apply. However, when the precipitates are commen-
surate in size with the wavelengths of the principal components of the phonon density of states, they can be 
expected to further affect the thermal conductivity by altering the phonon spectrum itself. It can be argued 
that provided they are of atomic dimensions, they will scatter phonons in much the same way as point defects, 
and the Klemens–Callaway formalisms described above should be applicable. The range of validity of this 
assumption remains to be established since, as described earlier, the Klemens–Callaway model is a perturba-
tion method and assumes that the scattering centers are small compared to the phonon wavelengths, and 
that they scatter phonons by Rayleigh scattering (an elastic scattering in the long-wavelength limit).

There are two other features of nanosized particles that have yet to be addressed satisfactorily. First, inter-
faces are not planar but have finite curvatures. There is presently no understanding of if, and how, curved 
interfaces might alter the boundary resistance (See Section 19.6 for the discussion of the boundary resistance). 
Second, nanosized precipitates formed by precipitation or spinodal decomposition are generally not present 
in dilute concentrations. Thus, the overlap of their strain fields cannot be ignored. The Klemens–Callaway 
model and related models treat the effects of concentration by making the matrix material an effective 
medium—or as Abeles describes it, a “virtual crystal”71—in which the scattering center is embedded.

19.4.3  Platelet Precipitates

Platelets can be formed from agglomerates of impurities, for instance N platelets in type Ia diamonds, 
or from accumulation of interstitials or vacancies produced by ion irradiation. Phonon scattering from 
platelet precipitates represents an intermediate case between interface scattering and spherical pre-
cipitates because of their highly anisotropic shape. Again, when the platelets are macroscopic in size, 
effective medium theories can adequately treat their effect on thermal conductivity.69 However, when 
their dimensions approach the nanoscale, as in the case of interstitial loops and nitrogen platelets in 
diamond, it is not clear how best to treat their effect on thermal conductivity. Furthermore, in many 
practical cases, such as platelets produced by irradiation, a high concentration of point defects can be 
produced. Thus, assessing the effect of platelets alone is far from straightforward. Nevertheless, there is 
some guidance from perturbation models. For instance, the effect of thin platelets and their orientation 
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with respect to the heat flow direction have been considered by Turk and Klemens.72 Simple solutions 
were found when the platelets were perpendicular to the phonon propagation direction for two limiting 
cases, one in which the platelet radius is small compared to the scattering vector, qR < 1, the other when 
the platelet radius is large compared to the scattering vector, qR > 1. In both limits, the scattering varies 
as the thickness, h, squared.72 When qR > 1, an effective relaxation rate varies as h2R2ω2, which is the 
same as for an infinite sheet. In contrast, when qR is small, the scattering varies as h2R4ω4.

19.5  Dislocations and Other Line Defects

Understanding the effect of dislocations on the thermal conductivity is a longstanding problem and remains 
largely unresolved. Since the early work of Klemens16 and others,18,73 dislocations were recognized as pos-
sible scatterers of phonons. Three different interactions are usually invoked: (i) interaction of the incident 
phonons with the static strain field associated with the dislocations; (ii) a dynamic interaction by which the 
motion or vibration of dislocations or, at least, dislocation segments occur in response to the propagating 
thermoelastic strain field associated with the phonon flux. This should lead to enhanced scattering at fre-
quencies corresponding to the dislocation segment vibrational frequencies; (iii) some form of interaction 
with the dislocation core since the core is characterized by differences in atomic coordination and so can 
be considered as a cylinder of atomic defects. In addition, in many materials, impurities segregate to dislo-
cations and these impurities within the Cottrell atmosphere can also cause additional phonon scattering.

Following the same line of thought as discussed previously for the point defects, a number of dif-
ferent models have been introduced to represent these scattering mechanisms in terms of appropriate 
relaxation times. The contribution of the dislocation strain field was considered originally by Klemens:
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where
Nd is the dislocation density
b is Burgers vector
γ is the Grüneisen parameter

The numerical prefactor in Equation 19.12 has different values depending on the details of the particular 
derivation of this contribution. This scattering mechanism predicts that the dislocation contribution to 
the thermal conductivity will scale as ∼T 2 at the cryogenic temperatures. This dependence was observed 
in a number of low-T experiments on various systems: Ge,74 Cu–Ni75 alloy, and LiF.76 While the first two 
systems demonstrate a reasonable agreement with Equation 19.12, LiF shows that the effect of the dis-
locations is two to three orders of magnitude larger than predicted by theory, though the temperature 
dependence is as predicted, at least in the cryogenic temperatures.

It was suggested that in LiF, the effect of the dislocation dynamics also comes into play. On the theo-
retical side, models were proposed by Kneeze and Granato77 and Ninomiya.78 A somewhat simplified 
model79 proposes the following dependence:
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(19.13)

Accounting for the dislocation motion leads to the reduction of the thermal conductivity since it is a 
dissipative process and leads to lower total phonon relaxation times. More complex models also have 
expressions for the parameter D in terms of material properties; for this reason, it was thought that this 
is could be a promising approach. Two different sets of experiments seem to support the theory. Thermal 
conductivity measurements were performed in strained LiF before and after annealing at 300 K80 or 
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irradiation.81 Both of these treatments are supposed to pin the dislocations, preventing their vibration 
and annealing out of the crystal. After the treatment, the strained crystals exhibited an increase of ther-
mal conductivity almost as high as that of the unstrained crystals. Conceptual difficulties remain, how-
ever, as the theory predicts temperature dependence other than ∼T2 for mobile dislocations. In addition, 
it is difficult to imagine dislocations moving freely in an ionic crystal at 2 K.76 Indeed, later experiments 
demonstrated the energy scale of the Peierls force in LiF to be ∼0.1 eV (∼1000 K).82 These pinning effects 
were not considered in the theory of dislocation mobility.78 Furthermore, analysis of the Peierls stress 
led Ziman19 to argue that unless the Peierls force is very weak (as in simple metals where dislocations do 
not dissociate significantly) even the movement of local segments of dislocations is probably unimport-
ant in affecting thermal conductivity.

Finally, it has been proposed that the core of the dislocation itself can affect thermal conductivity, and 
that the effect can be expressed as
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where
r is a radius of the dislocation core
vp is the phonon phase velocity

A recent investigation by Singh et al.79 compared all three contributions and also added the effect of the 
stacking fault. Although satisfactory agreement for the experimental data on Ge and LiF was obtained, 
all the constituent parameters except the phonon frequencies in the relaxation time formulae were 
treated as adjustable. It is therefore difficult to judge how physically realistic the current models are. It 
should also be emphasized that even though few experiments have investigated the effects of disloca-
tions on thermal conductivity, they suggest that dislocations primarily affect the conductivity at low 
temperatures, well below the characteristic Debye temperatures for the materials involved. It is also 
evident that there has been little theoretical development since the 1970s, and that several of the models 
do not explicitly include the Burgers vector as a parameter even though the majority of the properties of 
dislocations are determined by the Burgers vector.

The advent of GaN-based devices for nanostructured devices and power electronics has stimulated 
renewed interest in the effect of dislocations on thermal conductivity. Owing to its large electronic band 
gap and the recent mastery of controlling p-type doping so as to produce high-quality p–n junctions,83,84 
GaN has recently found widespread use in LEDs for displays and solid-state lighting and has growing 
applications in high power electronics and other applications. All these GaN devices require rapid dissipa-
tion of the heat generated during operation, and thus, a high thermal conductivity is essential. Although 
not as detrimental to the electronic properties as in other semiconductors, dislocations are nevertheless 
responsible for decreased electron mobility and nonradiative decay.85 In principle, GaN should also have 
extremely high thermal conductivity on account of the low atomic number of its constituent atoms and 
their covalent bonding. The high value of the intrinsic thermal conductivity and the ability to grow small 
regions of very low dislocation densities by a variety of growth modalities, for example, lattice epitaxial 
overgrowth (LEO), make it of interest to investigate dislocation effects on conductivity.

Dislocations form in GaN films during growth; as a result until recently bulk, high-purity, low defect 
density GaN single crystals were unavailable. Consequently, the majority of GaN films are typically 
obtained by heteroepitaxial growth on a substrate that has a very significant mismatch (sapphire is the 
standard choice, with a mismatch of 17%). Despite the large mismatch, the resulting dislocation densities 
can be modified during growth so that regions with densities as low as 105 cm−2 can be produced while, 
if not optimized, the densities can be as high as 1010 cm−2 or greater. The complication is that growth is 
accompanied by the incorporation of impurities, such as O, Si, and Al diffusing up from the substrates 
and residual C and H from the growth precursors. As the growth methodologies have improved in the 
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last decade, the reported values of thermal conductivity have increased. Moreover, as more complete 
measurements of impurity and dislocation densities have been reported, there is now a clearer under-
standing of these two effects. At dislocation densities of ∼107 cm−2 and below, the thermal conductivity 
of GaN at room temperature appears to be limited by impurity concentrations of ∼1018 cm−3. At higher 
dislocation densities, the conductivity decreases with increasing dislocation densities. Mion et al.86 have 
compiled correlations between reported thermal conductivity and dislocation densities and shown that 
the thermal conductivity varies as the inverse of the logarithm of the dislocation density. Much of the 
data was obtained from GaN materials produced with similar impurity concentrations. Together, this 
would indicate that the range of dislocation densities over which a dependence is observable depends 
on the impurity concentrations.86 Theoretical analysis87–89 using the original Klemens formula predicts 
that dislocations should only have a significant effect at densities above ∼1010 cm−2. There is again a two 
to three orders of magnitude discrepancy, as in the case of LiF crystals. While it is therefore tempting 
to again suggest that dynamical effects might account for this discrepancy, dislocations in GaN are not 
mobile even at temperatures approaching the growth temperatures of ∼1080°C.90 It is thus unlikely to 
account for the discrepancy. Finally, recent investigations91 used the full Callaway model to successfully 
fit measured thermal transport properties of a variety of GaN crystals and films, but did not discuss 
dislocations in detail.

Although we have focused in this section on the role of dislocations on the thermal conductivity, it 
is important to emphasize that the active junctions, where heat is generated, in modern electronic and 
optical devices are all at the nanometer length scale. The heat has then to be dissipated by conduction 
over longer length scales; consequently, the thermal properties at both the nanoscale and the mesoscale, 
where there can be large variations in dislocation densities are important. While the recent work on 
GaN has clarified the role of dislocation density, the effect of the other dislocation parameters, such as 
Burgers vector and dislocation line orientation, still needs to be understood.

19.6  Grain Boundaries and Interfaces

19.6.1  Interface Thermal Resistance

A key aspect of thermal transport in many nanomaterials is the presence of a very high density of inter-
faces and grain boundaries. These interfaces present additional phonon scattering features that have few 
well-defined characteristics. In general, though, one can consider that they produce a temperature jump 
ΔT at the interface, with a magnitude that is characterized by an interfacial (Kapitza) conductance, Gk:

 J G Tk= Δ ,  (19.15)

where J is the heat current. This is the analog of Fourier’s law. The inverse of the conductance, R = 1/Gk, 
is known as a Kapitza resistance. Originally, the term “Kapitza resistance” was applied only to solid/ 
liquid interfaces at cryogenic temperatures,92 but it is now widely used to apply to solid/solid interfaces 
as well. In spite of 70 years of study of interfacial thermal transport, a detailed microscopic descrip-
tion of the Kapitza resistance is still lacking. However, a number of useful models have been proposed. 
The two most widely used, the acoustic mismatch model (AMM)93 and the diffusive mismatch model 
(DMM)94 are elastic models, in the sense that a phonon of a specific frequency incident on the interface 
can produce only the phonon of the same frequency on other side of the interface.

The AMM essentially assumes that continuity and continuum mechanics are valid, and that inter-
faces are flat and ideal, that they have no intrinsic properties of their own but simply delineate regions 
with different elastic properties. Directly analogous to optics, sound waves are reflected or transmitted 
through the interface depending on the incident angle and the acoustic impedances (analogous to the 
refractive indexes) of the solids. Hence the AMM works well for the long-wavelength acoustic pho-
nons near the center of the Brillouin zone. At low temperatures, these are the only phonon states that 
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are occupied and the AMM works particularly well. In this model, the transmittance of an interface 
between two dissimilar materials, A and B, each having different acoustic impedances, Z, is given by
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As with plane wave acoustics and optics, similar relationships can be developed to account for polariza-
tion and angles of incidence.

The basic assumption of the DMM is essentially the converse of the assumption in the AMM: upon 
arriving at an interface a phonon scatters diffusively, and completely loses memory of where it came 
from. The probability for transmission or reflection is then determined by the phonon densities of states 
of the materials on either side of the interface. The DMM is typically able to describe the Kapitza resis-
tance at room temperature and above, but inconsistencies still remain. Possible origins of these incon-
sistencies include neglect of the inelastic processes95 and disregard of the interface structure, as well as 
the presence of the heat carriers other than phonons (e.g., electrons in metals). It is interesting to note 
that while the assumptions in the AMM and DMM models are dramatically different, there is no trend 
in the values of the predicted interfacial resistances for solid–solid interfaces between the models: some-
times the AMM value is larger than the DMM value, sometimes it is smaller.94

Many real interfaces, including grain boundaries and especially interfaces between dissimilar 
materials, are neither flat nor atomically abrupt, nor even crystallographically coherent. Furthermore, 
in nanosized polycrystalline materials, the interfaces have very large curvatures. This would suggest 
that the DMM might be the more appropriate model but this remains a subject for intensive study. 
There have been some attempts to incorporate interface structural and chemical disorder in calcula-
tions of thermal conductance; for example, Beechem et al.96 uses an effective medium approximation 
to represent the interface within the DMM. The phonon-hopping model introduced by Braginsky et 
al.97 treats thermal transport in granular materials assuming that scattering from the grain bound-
aries is the principal mechanism that limits thermal conductivity. One of the main results of their 
model is an expression for the Kapitza resistance and its temperature dependence. When applied to 
cubic zirconia, the Kapitza resistance is consistent with the measurements from cryogenic to room 
temperature.98

19.6.2  Grain-Size Effects

Historically, the first investigations of possible size effects on thermal conductivity were those devoted 
to determining grain size effects in polycrystalline materials. Among the first were studies of the effect 
of grain size of SiGe alloys99–101 on their thermoelectric properties. These showed a significant but rela-
tively small effect, in large part because the grain sizes were quite large and the areal density of grain 
boundaries correspondingly small. More significant grain size effects have since been reported. For 
instance, Bhattacharya et al.102 showed that the room temperature thermal conductivity of a shock 
compacted sample of Sb-doped TiNiSn half-Heusler alloys decreases with grain size below about 
10–20 μm, falling from well above 10 W/mK to as low as 3.7 W/mK. While there were clearly grain 
size effects, any interpretation was complicated since the materials were not fully dense and the shock 
compaction presumably resulted in a very high density of dislocations. A clearer dependence on grain 
size was found in the work by Yang et al.98 who studied nanocrystalline, yttria-stabilized cubic zirconia 
films produced by metal organic chemical vapor deposition (MOCVD). These studies indicated a very 
strong grain size effect over the range of ∼10–100 nm at both cryogenic temperatures (25 K) and up to 
480 K, the latter very close to the reported Debye temperature (475 K). More recently, these results have 
been extended but using fully dense, transparent bulk yttria-stabilized tetragonal zirconia to larger 
grain sizes of about 0.2 μm.103
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The effect of grain size can be modeled by introducing a relaxation time associated with grain bound-
ary scattering. Assuming purely elastic scattering, the relaxation time is related to the grain size, d, by
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where vs is the speed of sound. The overall thermal conductivity is then given by the argument that the 
grain boundaries are thermal resistors in series with the grains resulting in an expression of the form:
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where
κi is the intrinsic conductivity of the material in the grains
Rk is the Kapitza resistance of the grains69

In analyzing the effect of grain size on the thermal conductivity of nanocrystalline materials, the 
concept of the Kapitza length is useful. The Kapitza length, lk, is defined as the thickness of the material 
of thermal conductivity κ that provides the same change in temperature as a given interface70:
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If the grain size is much larger then Kapitza length, d > lk, then the granularity of the material should not 
significantly affect the thermal conductivity of the polycrystal. Conversely, when the size of the grains 
approaches the Kapitza length, boundary scattering becomes significant and will reduce the thermal 
conductivity below that of large grain material as suggested by Equation 19.18. Characteristic values of 
the Kapitza length are ∼50 nm in Si at 1000 K,104 and ∼10 nm for UO2 value at 1000 K.105

Ultra-nanocrystalline diamond is a very sensitive system in which to study the grain size effect, owing 
to a long mean free path of the heat carrying phonons. In particular, thermal conductivity can be reduced 
by the two orders of magnitude for the grain size of ∼0.1 μm.106 At the same time, measurements found 
unusually high boundary conductance, ∼3000 MW/m2K, for diamond grain boundaries107: this is about 
10 times larger than typical range of the of the Kapitza conductance of 20–200 MW/m2K. However, 
when recast in terms of the Kapitza length (about 750 nm), this value is not at all unusual and is compat-
ible with other interfaces. Molecular dynamics simulations using Tersoff potential for carbon found the 
values of boundary conductance in good agreement with experiment, and demonstrated, that boundary 
conductance in diamond grain boundaries depends very weakly on the type of the boundary.104

The temperature dependence of the thermal conductivity of nanocrystalline materials is of interest 
for many applications. Within the RTA, the overall relaxation time is
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Evaluation of this formula using values obtained from large grain material for the intrinsic thermal 
conductivity of the grains indicates that not only does the thermal conductivity decrease with increas-
ing temperature but also that the grain size dependence becomes less pronounced until, at the highest 
temperatures, there is no apparent grain size effect on thermal conductivity. This is illustrated for the 
case of yttria-stabilized, tetragonal zirconia in Figure 19.3. The implication is that the clear benefits of 
nanocrystalline material in reducing thermal conductivity at room temperature and below are not real-
izable at very high temperatures.
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While the experimental studies of Yang et al.98 and Limarga and Clarke103 combined with Equation 
19.18 clearly indicate that the Kapitza resistance is temperature dependent up to the Debye temperature, 
and becomes temperature independent as the temperature is increased, they do not unfortunately pro-
vide any insight into the physical origin of the Kapitza resistance or the effects of boundary curvature 
on the Kapitza resistance.

19.6.3  Synthetic Superlattices

The clearest and most unambiguous nanoscale effects on thermal conductivity come from studies of 
the thermal conductivity of synthetic superlattices, that is, periodic, 1D structures formed by deposi-
tion techniques, including molecular beam epitaxy (MBE) and electron-beam deposition. By careful 
control of the deposition parameters, well-defined superlattice periodicities and compositions can 
be produced. Within this category, superlattices with coherent and incoherent interfaces can be pro-
duced, and in some cases, the superlattices are repeating amorphous and crystalline layers of material, 
for example, W/amorphous alumina.108 In such a structure, the thermal conductivity is controlled by 
the transition from coherent to incoherent thermal transport109: At very small periods of the super-
lattice (just a few atomic layers), the system behaves as a monolithic bulk structure with a large unit 
cell. As the period increases, the unit cell becomes larger and larger, which leads to a decrease in the 
thermal conductivity as a function of the layer thickness. This can also be understood as folding of 
the phonon bands as the size of the crystallographic unit cell increases, along with the appearance of 
the gaps in the phonon spectra. These effects lead to the flattening of the phonon bands and therefore, 
reduction of the phonon group velocities, which results in lower thermal conductivity. However, as the 
period length increases above a few nanometers, a superlattice starts to behave as an interfacial system, 
meaning that the overall thermal conductivity now is the combination of the bulk thermal conductivi-
ties of the superlattice constituents (typically quite large) in series with the interface boundary con-
ductance. In this regime, fewer interfaces means larger thermal conductivity; therefore, an increase 
in period length leads to an increase in the thermal conductivity, approaching that of single crystal 
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material. There is a certain period length, where the thermal conductivity has a minimum value.109–111 
This minimum value been measured to be lower than the random alloy limit for the AlN/GaN112 and 
Bi2Te3/Sb2Te3.111 Such superlattices therefore have a potential in thermoelectric applications. While a 
minimum in thermal conductivity is consistently observed in numerical MD studies, it is not always 
in experiment. MD simulations by Daly et al.113 show that this disagreement may be due to the rough-
ness of the interfaces: disorder at the interface leads to a monotonic reduction of the thermal conduc-
tivity as the superlattice period is reduced.

19.6.4  Natural Superlattices

Many complex oxides are, in effect, naturally occurring superlattices, since their unit cells can be 
thought of as consisting of the stacking of two or more blocks with different crystal structures. Perhaps, 
the best known are the Ruddlesden–Popper phases,114,115 the Aurivillius phases,116–118 and the Dion–
Jacobson phases,119 see Table 19.2. Not only do these families of phases often have interesting properties, 
ferroelectricity for example, but the superlattice periodicity can be systematically changed by altering 
the composition. The major feature of these natural superlattices as compared to synthetic superlattices 
is that the interfaces are inherently coherent. This enables a clean study to be made of the effects of 
superlattice spacing on thermal conductivity. The measurements made so far indicate that these struc-
tures could be invaluable for the study of phonon scattering in periodic structures.

A number of natural superlattice compounds have been studied to date, and all of them have rather 
low thermal conductivities, with the lowest values being parallel to the stacking direction, that is, per-
pendicular to the interfaces between the blocks. An example is bismuth titanate, Bi4Ti3O12, an Aurivillius 
phase consisting of alternating blocks of pseudoperovskite structure (Bi2Ti3O2)2− and fluorite (Bi2O2)2+ 
structure.120 Interestingly, not only is the thermal conductivity crystallographically anisotropic but the 
thermal conductivity along the c-axis, that is, across the interfaces, is temperature independent up to 
1000°C (see Figure 19.4). Measurements also indicate that the conductivity remains constant down to at 
least 150 K. At this stage, the origin of this temperature independence is not clear, but suggestive of being 
due to the predominance of interface phonon scattering.

The thermal conductivity of the Sr–Ti–O Ruddlesden–Popper phases has also been studied by 
MD.121 These phases consist of a repeated stacking of a block of perovskite coordinated layers and 
rock salt layers. The MD results demonstrate that the thermal conductivity along the stacking 
direction exhibits a minimum as a function of the number of perovskite layers in the perovskite 
block (Figure 19.5). The simulations also show that the in-plane conductivity does not exhibit an 
obvious minimum.

TABLE 19.2 Ruddlesden–Popper, Dion–Jacobson, and Aurivillius 
Phases Composition and Structure

Ruddlesden–Popper Dion–Jacobson Aurivillius

Á 2[An–1BnX3n+1] M+1A(n–1)BnO(3n+1) (Bi2O2)[An–1BnX3n+1]
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From the results in Figure 19.5, one can deduce the boundary conductance introduced by the rock salt 
layers starting from the thicknesses of only two perovskites layers (Figure 19.6) from the temperature 
profile obtained in direct method MD simulations. This boundary conductance for a thin perovskites 
layers is thickness dependent, indicating that the system is in the coherent regime and that the phonon 
properties of the interface are intimately tied with those of the perovskites block. This behavior is in 
accord with the experimental findings in the synthetic superlattice system AlN/GaN,122 where similar 
dependence of the boundary conductance on the layers thickness was measured. However, at a thick-
ness of about 10 perovskite cells, the interfacial conductance saturates: at this point, the phonons in 
the system are essentially phonons in the perovskite block that scatter off the interface between the 
perovskite and rock salt layers.
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FIGURE 19.5 Thermal conductivity in Ruddlesden–Popper phases of Sr–Ti–O system as a function of the inter-
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19.7  Nanotubes and Nanowires

The tremendous interest in nanowires and the possibility of making semiconductor device structures 
by altering composition and dopant concentration during growth to produce 1D modulations pro-
vides the first opportunity to compare thermal conductivity models for 1D structures with experi-
ment. The thermal conductivity of individual silicon nanowires was the first to be measured.123 This 
demonstrated a significant reduction in the thermal conductivity, compared to bulk silicon, as well as 
strong nanowire radius dependence, indicative of the importance of boundary scattering. The simplest 
approximation is to assume that phonon scattering occurs from the walls of the nanowires and so, 
just as in nanograined materials, the phonon lifetime varies proportionally to the nanowire diam-
eter. The thermal conductivity is then reduced compared to the bulk value and scales linearly with 
the diameter. However, the experimental decrease123 is significantly greater than predicted by this 
simple model. Rough nanowires show yet a stronger decrease.124 From the perspective of the atomistic 
simulations,47 it was also demonstrated that surface roughness is one the key components of the low 
thermal conductivity. In particular, for silicon nanowires, the combination of the boundary scattering 
and low thermal conductivity of the amorphous silicon oxide layer that always forms on the surface is 
the main driver for the reduction in the thermal conductivity. While providing atomic resolution for 
the nanowire structure, these studies were also limited to very thin nanowires: 1–4 nm range of diam-
eters,47 which is small compared to the smallest, 22 nm diameter used in the experiments. To tackle 
larger nanowires, a number of models been developed that take into account the phonon scattering 
of the rough interface.125–127 One such model127 treats the rough interface as a space varying dilation 
of the wire. The relaxation time associated with this scattering mechanism can be computed with the 
help of the perturbation theory since the roughness of the surface is the only input parameter (other 
than phonon properties of the bulk material) required. Results of the application of this model repro-
duce experimental findings quite successfully for the silicon nanowires, and moreover, predict that 
roughness-limited thermal conductivity should scale as a square of the diameter. However, in these 
analyses, the surface roughness is treated as parameter because accurate determination of the nanow-
ire surface roughness from the experimental data is currently unavailable. Further reduction of the 
thermal conductivity is possible through the standard vehicle of alloying with Ge.128,129 Interestingly 
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enough, in that case, the diameter dependence is not nearly as strong as in the case of the pure silicon 
nanowires, indicating that the alloy scattering was is the dominant scattering mechanism. However, 
it is also possible that the nanowire sizes were not sufficiently small to enter the roughness-limited 
regime. A related problem occurs in predicting the electrical conductivity of nanowires and inter-
connects as their cross-sectional size is reduced.130 For more details, the reader is referred to a recent 
review on the subject.131

The contribution from the amorphous layer/surface roughness also explain the results of the nanow-
ires thermal conductivity measurements in other semiconductors, such as GaN,132 CdS,133 lead halcoge-
nates,134 and PdTe135 are smaller than that of the bulk materials but not anywhere as dramatic as in the 
case of silicon. All these compounds form well-defined single crystalline nanowires, hence the bound-
ary scattering alone is responsible for reduction in the thermal conductivity.

Nanotubes are also 1D systems. CNs are most often considered, though the thermal properties of 
the B-N and B-C-N nanotubes have also been measured.136 There are two reasons to believe that nano-
tubes should have exceptionally high thermal conductivities. First, the carbon–carbon bond is highly 
harmonic in nature. Second, the structure of the CNs is very different from that of the nanowires: while 
nanowires might be considered as a small piece of bulk material, for which boundary resistance and 
associated effects are important and affect thermal transport significantly, a CN is a rolled-up sheet of 
graphene, seamlessly connected such that there are no boundaries, except possibly at its ends.

Nanotubes are also unique systems because they are probably the closest experimental representa-
tions of truly 1D systems. While one can consider polymers as another example of 1D systems, it is very 
difficult to make suspended polymers, free of interactions with a supporting substrate. Truly 1D systems 
would have qualitatively different transport properties from a 3D system: in particular, Fourier’s law is 
not valid and thermal conductivity (defined in terms of heat current) is dependent of the length of the 
1D object.137,138 Such a dependence was indeed observed experimentally.139 Here, one has to distinguish 
between ballistic transport and anomalous 1D transport. The former is a result of the mean free path of 
particular phonons being longer than the system size; in this case, the apparent thermal conductivity 
with the system size up to some length, but then saturates. This is somewhat analogous to the dependence 
of the thermal conductivity on the sample size in 3D case at cryogenic temperatures and was proposed 
as an explanation for the inconsistent results of the thermal conductivity of CN in the literature.51,140 
Anomalous transport, by contrast, is an intrinsic property of the 1D system; in that case, the thermal 
conductivity scales with some power length, typically 2/5.137 An interesting explanation for this behavior 
was recently proposed in the context of polymers: Henry and Chen141 argued that the phonon–phonon 
scattering events in 1D systems are rare compared to the 3D bulk, and therefore, they can be correlated 
in some way. This argument also explains why calculation of the thermal conductivity of the CN with the 
BTE technique140 provides asymptotically length-independent results: the BTE assumes that all scattering 
events are independent of each other. Complete resolution of this question is still missing, however.

The thermal conductivity of an individual suspended CN is about 3000 W/mK at room temperature142; 
this is very high and attractive for applications. One possible route for utilizing this high thermal conduc-
tivity is to form composite materials with randomly dispersed nanotube fibers acting as an enhancer for 
the overall thermal conductivity. Weak interactions of the CN with the surroundings allow it to preserve 
relatively high thermal conductivity: CN bundles demonstrate a reduction of the thermal conductivity 
by a factor of 2 when compared with individual CN,143 while the thermal of immersed/filled with liquid 
CN is reduced by 20%–35%.144 However, this weak interaction also implies a very low boundary conduc-
tance between CN and the matrix material, which in turn have very strong negative effect on the overall 
composite thermal conductivity.145,146 Composites formed of only CN also have thermal conductivities 
significantly lower than individual CN. For example, thermal conductivities of 2D nanotube arrange-
ments (buckypaper) are about ∼75 W/mK.147 Moreover, upon transition to the random 3D network struc-
ture, thermal conductivity reduces to miniscule ∼0.13–0.2 W/mK.148 Low volume fraction and the large 
number of interconnects with poor boundary conductance are the reasons for such poor performance.
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19.8  Concluding Remarks

Lattice thermal conductivity remains a significant challenge for material science. While the basic under-
standing of the thermal transport mechanisms was developed in the 1950s and 1960s, their manifesta-
tion in particular material structures and for particular crystallographies continue to be worked out. In 
this chapter, we have tried to illustrate how current algorithms and increased computational power are 
beginning to yield a much deeper understanding of the effects of the micro- and nanostructuring on 
thermal conductivity. An overview of the computational methods that allow achieving that understand-
ing and examples of their applications was also presented.

In spite of the great strides made, a large number of open questions remain. From the theoretical 
perspective, the problem can be partitioned into several components. Any method for the calcula-
tion of the thermal conductivity will only be as good as the underlying interatomic potential is. 
Use of first-principles calculations is an example of an area in which progress continues to be made 
and will have high impact. At the same time, the development of semi-empirical methodologies 
that can reproduce thermal conductivity with good precision is very important as well. LD meth-
ods and molecular dynamics methods can be viewed as complementary methodologies (LD takes 
account of the quantum nature of the phonons, but fails to describe anharmonicity correctly, while 
MD is just the opposite); therefore, both of these techniques will be applied extensively. While 
first-principles MD is possible and been demonstrated as a proof of principle for the thermal con-
ductivity calculations, it is not expected to being routinely used for this purpose in the near future. 
It thus seems likely that classical potentials will remain the driving force for the MD studies of the 
thermal transport.

Improvement in the methodologies is the next challenge. LD techniques are not only limited in the 
way they represent anharmonicity, but also in scaling with the system size. Development of multiscale 
methods and/or appropriate approximations to improve the scaling are important research directions. 
Both Green–Kubo and direct methods molecular dynamics simulations also suffer from size effects 
associated with the simulation supercell, which are still not fully understood.

As far as the understanding of the effect of the particular nanoscale microstructural features is 
concerned, very little is known about how particular atomic arrangements of atoms in the nano-
structure affect thermal transport in the system. The interface boundary resistance is an excellent 
example of this kind of problem: MD is essentially the only method that can simulate the boundary 
resistance, though its insight into interface structure influence is somewhat limited. The situation is 
quite similar with the dislocations: the dislocation core structure is produced by atomic relaxations 
that are very sensitive to the interatomic interactions. Thermal transport in the 1D structures is 
an exciting new direction of the research with the possible applications in thermoelectric and heat 
management.

In conclusion, the engineering of the thermal transport properties of nanostructures is of ever-
increasing importance. While great strides have been made, a large number of critical issues remain 
unresolved.
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