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A B S T R A C T

Ultrafast high-temperature sintering (UHS) has recently been demonstrated for the rapid densification of

materials. Its high heating rates (104 ◦C min−1) and temperature capabilities (up to 3000 ◦C) enable rapid

densification and high synthesis throughput with low volatilization. However, temperature nonuniformities

may arise that can result in undesirable density inhomogeneities. To quantify, assess, and address these

issues, we present a simulation model for coupled multimode heat transfer and concurrent densification

kinetics. Thermal diffusion and radiative heat transfer are considered, and densification is modeled using a

master sintering curve approach. Using simulated cases, the magnitudes and time scales of temperature and

densification nonuniformities, coupled with the thermal and optical properties, are identified. We find that

while the thermal properties of the material are important, the optical properties of the material can play a

dominant role in the sintering dynamics, particularly at early stages. A new method of combining thermal,

radiative, and optical properties to generalize the sintering kinetics is proposed, enabling rapid estimation

of temperature nonuniformities and heating time scales for a given material and set of UHS parameters.

Experimental validation is demonstrated by comparison with the sintering and densification alumina powder

compacts. This confirms the accuracy of the model and illustrates its utility towards achieving uniform, dense

materials by optimizing the UHS parameters through modeling.

1. Introduction

Manufacturing components by sintering powders typically involves

making a shaped, pressed compact of individual powders and heating

to high temperatures during which the compact densifies under the

influence of various diffusion mechanisms [1–3]. Although sintering

is a traditional manufacturing process that dates back to antiquity, it

is also widely used to make a vast array of components critical to

many industries such as electronics, energy generation and storage,

and high-temperature applications [4–6]. The overall driving force

for sintering is a reduction in the total surface and interface energy

resulting in a reduction in the pore volume to form a dense, poly-

crystalline solid [5,7,8]. The various densification mechanisms are all

thermally activated, albeit with different activation energies, so the

kinetics are very dependent upon temperature. Conventional sintering

can require many hours of heating the powder compact, holding at high

temperatures for densification to occur followed by subsequent cooling.

Consequently, it is an energy intensive process with low product and

R&D throughput and high concomitant carbon emissions [7,9]. Com-

plete densification by sintering is usually required as many physical

properties, such as hardness, creep resistance, thermal conductivity and
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optical transparency are maximized at full density. Furthermore, a short

time at very high temperatures minimizes grain growth and coarsening,

permitting the densification of nanometer powders and the retention

of sub-micron grain size essential for maximizing strength, hardness,

optical transparency, and thermoelectric figure-of-merit, for instance.

Over the years, various rapid sintering techniques have emerged

as potentially low-cost alternatives, such as fast firing, microwave sin-

tering, and spark plasma sintering [7,10–12]. More recently, ultrafast

high-temperature sintering (UHS) has been demonstrated [9] enabling

densification within a few minutes or less. This technique uses Joule

heating to quickly raise the temperature of conductive carbon heating

elements (∼104 ◦C min−1), providing rapid thermal radiative heating.

Although particularly valuable for materials with high melting points,

such as ceramics, UHS also shows promise for glasses, alloys, coating-

substrate systems, and by minimizing losses of volatile elements [13–

16]. The high heating rate has also been reported to enhance densifi-

cation through numerous mechanisms, such as by reducing time spent

in non-densifying sintering regimes and enabling non-equilibrium grain

boundaries to raise the driving force of sintering [1–3,7,17].
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Nomenclature

Latin symbols

𝐴 Area [m2]

𝑐𝑝 Specific heat capacity [J kg−1 K−1]

𝐷 Thermal diffusivity [m2 s−1]

𝑑 Pore diameter [m]

𝑑particle Particle diameter [m]

𝐺 Incident radiation [W m−2]

𝐼 Radiation intensity [W m−2 sr−1]

𝐼𝑏 Blackbody radiation intensity [W m−2 sr−1]

𝑘 Intrinsic thermal conductivity [W m−1 K−1]

𝑘eff Effective thermal conductivity [W m−1 K−1]

𝐿 Sample thickness [m]

𝑙 Absorption length [m]

𝑛 Refractive index [–]

𝑛𝜆 Wavelength-dependent refractive index [–]

𝑝 Dimensionless fitting parameter [–]

𝑄 Apparent activation energy [J mol−1]

𝑞𝑟 Radiative heat flux [W m−2]

𝑅 Ideal gas constant [J mol−1 K−1]

𝑟𝑠, 𝑟𝑝 Fresnel reflection coefficients [–]

𝑅ext External hemispherical reflectance [–]

𝑅int Internal hemispherical reflectance [–]

𝑇 Temperature [K]

𝑡 Time [s]

𝑇ℎ Heater temperature [K]

𝑡𝑠𝑠 Time to steady state [s]

𝑥 Spatial coordinate [m]

Greek symbols

𝛼 Absorption coefficient [m−1]

𝛼dense Absorption coefficient of dense solid [m−1]

𝛥𝑇 Surface–center temperature difference [K]

𝛥𝑇max Maximum temperature difference [K]

𝛥𝑥 Element thickness [m]

𝜅 Extinction coefficient (imaginary refractive

index) [–]

𝜆 Wavelength [μm]
μ Direction cosine [–]

𝜔 Scattering albedo, 𝜎𝑠∕(𝜎𝑠 + 𝛼) [–]
𝜙 Porosity [–]

𝛹 Optical proportionality function [–]

𝜌 Density [kg m−3]

𝜌rel Relative density [–]

𝜎 Stefan–Boltzmann constant [W m−2 K−4]

𝜎𝑠 Scattering coefficient [m−1]

𝛩 Sintering function (MSC) [–]

𝜀ℎ Heater emittance [–]

Despite its promise, temperature and sintering nonuniformities can

limit the use of UHS [7]. When current is applied, volumetric Joule

heating very rapidly raises the temperature of the carbon heating

elements. In contrast to traditional sintering practice, the temperature

of the material being sintered will not increase as quickly as that of

the heater, especially in the early stages. The heater transfers energy

to the material primarily through radiation, most of which is emitted

between wavelengths of 1 to 10 μm [18] since carbon has a near-unity

emittance at the relevant temperatures. Depending on the optical and

thermal properties of the material, it may experience high temperature

nonuniformity through the thickness of the part. Furthermore, since

the thermal mass of the body is typically greater than that of the

heating elements as well, there will inevitably be a delay in the thermal

response. Highly absorbing materials absorb radiation primarily at the

surface, inducing a rapid near-surface temperature rise; by contrast,

weakly absorbing materials heat more slowly but with greater depth

uniformity. Once absorbed, energy is transferred through the material

by conduction and radiation with a strong dependence on thermal and

optical properties.

Temperature nonuniformities are undesirable, as they can introduce

densification (and hence stress) gradients. These can, in turn, limit

densification due to constrained sintering and, in severe cases, cause

crack formation [11,19,20]. In contrast, an uncertain thermal his-

tory may result in underheating or overheating, respectively, yielding

insufficient densification or excessive grain growth [8,21,22]. These

problems are exacerbated by the accelerated time scales of sintering

in UHS, enhancing temporal sensitivity [7,17].

Without an accurate thermal history of the material, suitable UHS

procedures can only be designed ad hoc. This is both time- and

resource-intensive and may not deliver fully optimized results due to

limited testing granularity. Sample temperatures may be pre-calibrated

with respect to heater temperatures, as has been employed by Guo

and Todd [17], but these methods do not provide any information

on temperature gradients. The calibrations must be performed with a

calibrant of identical composition and size to the material of interest

and require continuous temperature measurement (e.g., with a thermo-

couple) during representative UHS processes. This can provide a more

reliable measure of thermal response within the body. Yet, besides the

considerable experimental effort required for accurate calibration re-

sults, it cannot account for material property changes during sintering,

is unlikely to provide a measure of temperature uniformity within the

body, and requires the pre-creation of a dense and uniform sintered

body (which may not be feasible without calibration information). To

the best of our knowledge, a detailed analysis of UHS thermal transport

behaviors that considers material variations and densification has not

been reported. Simultaneously, efficient progress in UHS materials

synthesis requires a more accurate, less resource-intensive, and more

generalizable approach to optimize sintering processes.

To aid in the development of the UHS process, we present a com-

prehensive analysis of the influence of material choice, geometry,

and sintering parameters on temperature and densification uniformity

during UHS. To this end, have constructed a model that simulates tem-

perature distributions and densification during UHS, both temporally

and spatially, by combining the energy and radiative transfer equations

with an empirical relation for sintering densification, represented by

the master sintering curve (MSC) approach [23]. We consider the

effects of conduction, radiation and densification to accurately model

heat transfer and sintering simultaneously. Nonlinear dependencies

in thermal and optical properties incorporate the effects of density,

temperature, and microstructure throughout the simulation. After de-

scribing the model, we present results that identify the properties most

influential to thermal response and estimate thermal nonuniformities

for a variety of process and material parameters. Then, we identify

how integrating densification using MSCs influences transient thermal

behaviors. Finally, to provide an experimental validation, we sinter

alumina (aluminum oxide) powders using UHS under a variety of

conditions and compare the findings with the model. Good agreement

between experimental and modeled density is found, and parameters

which can be optimized to achieve dense and uniform sintered materi-

als are identified. These results and the simulation model will facilitate

uniform, dense, and more reproducible UHS products with significantly

reduced experimentation.
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Fig. 1. UHS system and model overview. (a) Images of in-house UHS system, showing ceramic sample sandwiched between two carbon felt heaters. (b)

Schematic representation of sample as modeled. (c) Expanded detail of energy transfer mechanisms modeled within the sample. (d–f) Temperature versus time

curves for a highly absorbing medium undergoing UHS at 1700 ◦C. Several thermal conductivity and thickness values are considered. Solid lines show the top

surface temperature, dashed lines show the midpoint temperature, and dotted lines show the temperature difference 𝛥𝑇 between the surface and center (the

largest temperature difference within the medium due to symmetry). Note that 𝑘 refers to the intrinsic thermal conductivity of the sample material, rather than

the bulk thermal conductivity 𝑘eff, which accounts for porosity.

2. Model

2.1. Modeled system and governing equations

To fabricate bulk materials by UHS, compacted powder samples are

placed between two carbon felt heaters, one above and one below.

A high-current electrical power supply is connected to the heaters

to provide Joule heating (Fig. 1a). The sample thickness is typically

small with respect to its lateral extent (e.g., thin discs) [9]. This high

aspect ratio facilitates modeling a material as a 1D medium heated

symmetrically from the top and bottom, as shown schematically in Fig.

1b–c (‘‘medium’’ is used to refer to an arbitrary material simulated in

this model). In 1D, the energy balance in this medium is [18,24]:

𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
= 𝜕

𝜕𝑥

(
𝑘eff

𝜕𝑇

𝜕𝑥

)
−
𝜕𝑞𝑟

𝜕𝑥
, (1)

where 𝜌 and 𝑐𝑝 are the density and specific heat of the medium,

respectively, 𝑇 is temperature, 𝑥 is the depth, and 𝑡 is time. This

equation uses the effective thermal conductivity of the bulk sample,

𝑘eff, which is a function of both the intrinsic thermal conductivity 𝑘 of

the material as well as the porosity of the medium. The energy balance

is coupled to radiative transfer through divergence of the radiative heat

flux 𝑞𝑟. This consideration of radiative transfer within the sample, as

opposed to modeling only conduction with radiative boundary condi-

tions, is essential to energy transport in UHS. When samples are not

highly absorbing and non-scattering, solutions deviate greatly from a

corresponding conduction-only case, as will be illustrated later.

Samples are considered to have absorptive, emissive, and scattering

properties. They are also assumed to be ‘‘gray’’ bodies, meaning that

their optical properties (refractive index, scattering coefficient, and

absorption coefficient) are independent of wavelength. For this case,

the radiative flux divergence is given by [18]:

𝜕𝑞𝑟

𝜕𝑥
= (1 − 𝜔)(𝛼 + 𝜎𝑠)(𝐺 − 𝐼𝑏). (2)

Here, 𝛼 and 𝜎𝑠 are the absorption and scattering coefficients of the

medium, respectively, and the scattering albedo 𝜔 is given by 𝜔 =

𝜎𝑠∕(𝜎𝑠 +𝛼). The emitted thermal radiation intensity 𝐼𝑏 is obtained from
𝐼𝑏 = 𝑛2𝜎𝑇 4∕𝜋, where 𝑛 is the refractive index of the medium and 𝜎

is the Stefan–Boltzmann constant. The sum of incident radiation 𝐺 is

calculated based on the intensity (𝐼) distribution, which is obtained

from the radiative transfer equation (RTE):

𝜇
𝜕𝐼

𝜕𝑥
= −(𝛼 + 𝜎𝑠)𝐼 +

𝜎𝑠

4𝜋 ∫4𝜋 𝐼 𝑑𝛺
′ + 𝛼𝐼𝑏, (3)

where 𝜇 is the direction cosine for each direction 𝛺. Hence, the energy

balance and RTE are coupled through 𝑇 and 𝑞𝑟, and may be discretized

and solved iteratively for convergence.

2.2. Boundary conditions and assumptions

Solution of both the energy and radiative transfer equations require

boundary conditions at the top and bottom surfaces. In practice, sam-

ples are typically in close contact with the heater on one or both sides

during the UHS process. The carbon heaters are often felts, so there

is only occasional point contact between the heater and the powder

compact. Consequently, conductive and convective heat fluxes at the

boundary surfaces are considered negligible relative to the radiative

fluxes (justification for this assumption is given in the supplementary

text). Thus, the energy equation is given a zero flux condition (𝜕𝑇 ∕𝜕𝑥 =
0) at both boundaries, corresponding to negligible conduction and

convection at these surfaces. Heat transfer in and out of the medium is

assumed to take place solely by radiation, which is accounted for in the

radiative flux divergence term. Taking into account surface reflection,

the boundary conditions for forward-moving and backward-moving

radiation at the top (𝑥 = 0) and bottom (𝑥 = 𝐿) boundaries are,

respectively:

𝐼+,𝑥=0 = 𝑅int𝐼− +
(
1 − 𝑅ext

) 𝜎
𝜋
𝜀ℎ𝑇

4
ℎ

(4)

and

𝐼−,𝑥=𝐿 = 𝑅int𝐼+ +
(
1 − 𝑅ext

) 𝜎
𝜋
𝜀ℎ𝑇

4
ℎ
. (5)
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Here, 𝑇ℎ and 𝜀ℎ are the temperature and emittance of the heaters,

and 𝑅ext and 𝑅int are the external (incoming) and internal (outgoing)

surface reflectances, respectively. Though this problem is typically sym-

metric, we generalize the approach for separate boundary conditions to

enable simple extension to non-symmetric cases (e.g., one-sided heating

of a coating on a substrate). From a radiative perspective, the heater-

medium interfaces are considered to be separated by a thin layer of

inert gas (or vacuum) and the surfaces are microscopically rough. Due

to the strong scattering of thermal radiation by compacted powders,

a hemispherical approximation for Fresnel reflectance is utilized. The

hemispherical reflectance for incoming radiation is obtained by mul-

tiplying the 𝑠 and 𝑝 reflectance coefficient arithmetic means by the

direction cosine 𝜇 and integrating over all angles [18]:

𝑅ext = 2∫
1

0

1
2

(|𝑟𝑠|2 + |𝑟𝑝|2)𝜇 𝑑𝜇. (6)

The corresponding hemispherical reflectance for outgoing radiation

can be obtained from [25]:

𝑅int = 1 − 1
𝑛2

(1 − 𝑅ext). (7)

Finally, isotropic scattering is assumed.

2.3. Thermal, optical and domain properties

Powder compacts experience rapid changes in temperature and den-

sity during UHS. Many of the thermal, optical and material properties

which govern energy transfer are dependent upon temperature and

density, both of which may be nonuniform within the domain. As such,

it is essential to model how thermal and optical properties change

with temperature, density, location, and time within the medium, and

to achieve convergence of these properties with the temperature and

density solutions at each timestep.

Densification is modeled according to the master sintering curve

(MSC) approach, originally introduced by Su and Johnson [23]. In the

absence of other models, this is an empirical method that has been

widely adopted in the ceramics and powder metallurgy literature to

describe densification. It uses densification data, obtained through a

set of varied sintering experiments on a given material, to model the

densification of the material for any temperature schedule. Construc-

tion of an MSC requires fitting experimental relative density data (𝜌rel,

defined as the ratio of the bulk density to the theoretical density) to a

sintering function 𝛩, defined by Su and Johnson as [23]:

𝛩(𝑡, 𝑇 (𝑡)) = ∫
𝑡

0

1
𝑇

exp(− 𝑄

𝑅𝑇
)𝑑𝑡. (8)

𝛩 is readily calculated from the temperature history of the material

and a material-specific fitting parameter 𝑄, defined as the apparent

activation energy of sintering. Crucially, this definition of 𝛩 makes

𝜌rel independent of heating rate. Thus, with an established MSC of

a material (including 𝑄), 𝛩 may be calculated from the temperature

history, and 𝜌rel may be determined.

In our model, 𝛩 is evaluated at each spatial coordinate and timestep

based on the thermal history up to that time. The relative density

is then obtained by interpolating the MSC. One of the characteris-

tic features of sintering is that samples shrink due to densification.

To account for this, and to satisfy mass conservation, a Lagrangian

frame of reference is used to keep the mass constant within a given

computational cell. According to the 1D slab assumption, the element

thickness 𝛥𝑥 at location 𝑖 shrinks as the material densifies according

to 𝛥𝑥
(𝑚+1)
𝑖

= 𝛥𝑥
(𝑚)
𝑖
𝜌(𝑚)∕𝜌(𝑚+1), where 𝑚 represents the time step. This

treatment preserves mass while simulating densification.

It is worth noting that the MSC approach is designed for isothermal

heating at different times and temperatures where one sintering mech-

anism dominates [23], which may not be satisfied during UHS because

of the rapid increases in temperature. Recent literature suggests that

the MSC approach is suitable for predicting UHS densification, but that

UHS may accelerate sintering due to non-equilibrium grain boundaries

requiring a slight adaptation of the MSC approach [17]. Therefore,

while an unmodified MSC may not fully capture the sintering dynamics

of some cases, this approach still simulates the dynamics and inter-

dependencies of energy transfer during UHS, and provides, as will be

shown later, accurate predictions of densification. We also note that

the MSC is an empirical model, which does not include the constitutive

equations required to simulate the full elastic and visco-elastic thermo-

mechanics of sintering. Thus, stress and strain are not considered

explicitly here. Nonetheless, temperature and/or densification nonuni-

formities are appropriate indicators of the possibility of constrained

sintering, which is of primary interest for enhancing the viability of

UHS.

Thermal conductivity 𝑘 and specific heat 𝑐𝑝 are generally tem-

perature dependent (at least up until high temperatures), and tabu-

lated temperature-dependent data can be readily incorporated into this

model. However, 𝑘eff is a function of both 𝑘 and 𝜌rel. A green or partially

sintered material can be considered a mixture of a fluid (e.g., inert

gas or vacuum) and a solid. The effective thermal conductivity of

porous or composite materials is highly dependent on morphology and

connectivity [26]. Detailed models have been constructed for many

limiting cases, and discussion of model appropriateness and accuracy

continues in the literature [27–29]. As this work is concerned with

establishing general trends of temperature and densification during

UHS, we choose a simple first-order approximation for 𝑘eff for the case

of low-conductivity spherical pores (𝑘eff = 𝑘
(
1 − 3

2𝜙
)
, where 𝜙 is the

porosity). This formulation is applicable to green and partially sintered

bodies used in UHS, and captures the increase in effective thermal

conductivity that accompanies densification.

Variations of optical properties with respect to both relative density

and wavelength are considered in our model. We choose to neglect the

influence of temperature on optical properties; while refractive indices

can exhibit temperature dependence, the magnitude of these changes

is generally small (especially for common ceramics) [30]. Densification

will, however, modify both the absorption and scattering coefficients.

The absorption coefficient 𝛼 of a material is given by 4𝜋𝜅∕𝜆, where 𝜅
and 𝜆 are the extinction coefficient and wavelength, respectively (note

that ‘‘extinction coefficient’’ here refers to the imaginary portion of

the complex refractive index, and not the sum of the absorption and

scattering coefficients as is used in some contexts [25]). However, this

definition for 𝛼 pertains to a fully dense material. Pores have negligible

absorption, so 𝛼 must be scaled to account for the reduced solid volume

of a porous material. Therefore, the absorption coefficient of the porous

medium is scaled with relative density according to 𝛼 = 𝛼dense𝜌rel,

where 𝛼dense is the absorption coefficient of the fully dense solid.

As powder compacts often consist of individual powder particles

of comparable length scale to thermal emission wavelengths, optical

scattering may be significant and scattering will influence the energy

transfer during UHS [25]. We calculate scattering coefficients based on

Mie theory using a pre-built Python package assuming spherical inclu-

sions (inert gas or vacuum pores) [31]. To obtain accurate scattering

efficiencies and coefficients from Mie theory, the size of the scattering

object must be known. As powder compacts are most easily defined by

the solid particle diameter, we use the Kozeny equation to obtain pore

size from density and particle diameter,

𝑑 = 2
3
𝑑particle

(1 − 𝜌rel
𝜌rel

)
, (9)

which was reported to agree well with measured pore sizes for green

compacts [32]. The evolution of pores during sintering is a complex

process. The majority of pores shrink with densification during sinter-

ing, though some may also coalesce and grow in certain cases [33,34].

For generality, we assume that the number of pores in the medium

remains the same as densification proceeds, and that all pores shrink

uniformly with densification. Based on this scaling assumption, the
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new pore size is calculated at each time step based on 𝜙 as 𝑑(𝑚+1) =
𝑑(𝑚)

(
𝜙(𝑚+1)∕𝜙(𝑚)

)1∕3
.

Using these strategies, the dependence of absorption and scattering

coefficients on density are continually updated in the simulation. While

it is assumed that the thermal radiation is gray, optical properties

may vary within the range of relevant thermal wavelengths. To ac-

count for this, a gray approximation for wavelength-dependent optical

properties is obtained based on a Planck average from 0.2–10 μm,
covering the relevant thermal radiation wavelength range for most

UHS temperatures. For example, the refractive index is calculated from

wavelength-dependent data (𝑛𝜆) as:

𝑛 =
∫ 10 μm
0.2 μm 𝑛𝜆(𝜆)𝐼𝑏𝑏(𝑇ℎ, 𝜆) 𝑑𝜆

∫ 10 μm
0.2 μm 𝐼𝑏𝑏(𝑇ℎ, 𝜆) 𝑑𝜆

, (10)

where 𝐼𝑏𝑏 is the Planck function for blackbody radiation [18]. The

heater temperature 𝑇ℎ is used for this weighting scheme as this is most

representative of the radiation incident on and propagating within the

medium. Absorption and scattering coefficients are averaged using the

same scheme. Thus, using the strategies discussed in this section, the

model incorporates the dependencies of temperature, density, particle

size, and wavelength on thermal transport and densification during the

UHS process.

2.4. Implementation and solution method

Using the methods outlined above, a combined heat transfer and

densification model is implemented in Python. The energy balance is

discretized using an implicit scheme for stability. The RTE is solved

by discretizing according to the discrete ordinates method (DOM),

using backwards difference for forward-moving radiation and forward

difference for backward-moving radiation. At each timestep, the RTE

is first solved using a matrix formulation, providing a solution for the

radiative flux divergence throughout the domain. These values are then

used to solve the energy balance using a separate matrix formula-

tion. The solver alternates between the RTE and energy balances until

convergence is reached, proceeding to the next timestep thereafter.

The nonlinearity within this modeled scheme is large. In addition to

the interdependence of the radiative transfer and energy equations, 𝜌,

𝑘, and 𝑐𝑝 are functions of temperature, 𝑘eff, 𝛼, 𝜎𝑠 and 𝛥𝑥 are functions

of 𝜌rel, and changes to any property may modify the temperature

distribution. To ensure reliability of the calculation results, we utilize

robust solution convergence and discretization criteria. For temper-

ature and other time varying properties, a convergence criterion of

approximately 0.1% of their minimum value was applied. Time and

space discretizations are chosen according to solution independence,

where they are reduced until the solution becomes independent of their

choice. This modeling framework is the basis for the simulation results

presented in the following, with any deviations explicitly noted.

3. Model results

3.1. Thermal properties

A variety of simulation results are presented to understand the influ-

ence of different variables on the UHS process. First, the influences of

thermal properties are isolated from radiative properties by considering

a highly absorbing (𝛼 = 105 m−1) and non-scattering medium (this

baseline case is analogous to transient conduction in a 1D slab with

radiative boundary conditions). These initial analyses assume constant

thermal and optical properties and a constant density of 𝜌rel = 0.6

(based on random packing of equal sized spheres). These simulations

are performed using properties of alumina (𝜌 = 4000 kg m−3, c𝑝 =

1250 J kg−1 K−1, 𝑛 = 1.71) as a representative material undergoing

UHS at 1700 ◦C for 60 s.

In Fig. 1d–f, temperature versus time curves are shown for sam-

ples of varying thickness and intrinsic thermal conductivity (note that

varying 𝑘 here is equivalent to varying 𝑘eff, since 𝜌rel is constant).

Temperatures at the outer surface and center of the medium, as well as

the temperature difference 𝛥𝑇 between these planes, are plotted. The

temperature difference arises due to the high surface absorption of in-

cident thermal radiation, resulting in rapid heating of the outer surface

and constrained energy propagation to the inner layers. Increases in

sample thickness and decreases in thermal conductivity result in larger

values of 𝛥𝑇 , as expected. Thicker and less conductive samples also

take longer to reach equilibrium because of their larger heat capacity

and lower thermal diffusivity.

Several characteristic quantities are identifiable from the temper-

ature versus time simulations. The first is the maximum value of 𝛥𝑇

that occurs in the early stages of UHS, which is critical to material

uniformity. Large differences in temperature during sintering can lead

to differential sintering; in the case of UHS, preferential heating at the

surface can cause the surface to densify more rapidly than the center.

Inhomogeneous densification can introduce a stress gradient in two

or three dimensions which can limit overall density and cause addi-

tional issues such as fracture [11,19,20]. It is therefore of paramount

importance to minimize 𝛥𝑇max, especially once densification begins.

The second parameter of importance is the time required to reach

steady state 𝑡𝑠𝑠, defined as the time at which all temperatures in the

medium have reached 99% of the heater temperature. Due to the

rapid rates of densification in UHS, having a detailed understanding

of the heating rates and temperatures within the sample is essential

to produce dense, uniform materials. For example, excessive heating

and time at temperature can cause undesirable effects such as grain

coarsening [8,21,22], while insufficient sintering time will produce

incomplete densification. For these reasons, we utilize 𝛥𝑇max and 𝑡𝑠𝑠 as

proxies to quantify nonuniformity produced during the UHS process.

This enables parametrization and comparison of thermal response as

functions of material properties and system configurations.

Accordingly, Fig. 2 presents 𝛥𝑇max and 𝑡𝑠𝑠 as functions of thermal

conductivity and thickness, with all other parameters kept constant

with the values stated previously. As in the previous simulations, both

a lower 𝑘 and a larger 𝐿 reduce temperature uniformity and extend the

initial transient heating period. This follows from Fourier’s law: for a

constant heat flux input, 𝛥𝑇 is proportional to 𝐿 and inversely propor-

tional to 𝑘. In particular, 𝛥𝑇max trends quite clearly with the conductive

thermal resistance of the medium (𝐿∕𝑘). Plotting the data of Fig. 2a
against the conductive resistance (Fig. 2c), it becomes obvious that

𝐿∕𝑘, rather than the specific values of 𝑘 and 𝐿, has a primary role in
determining 𝛥𝑇max. A formal derivation of this relationship is provided

in the supplementary text. Similarly, a lower 𝑘 and larger 𝐿 extend

the time required to reach steady state. This is expected as a lower

𝑘 reduces the thermal diffusivity 𝐷, and a larger 𝐿 increases the total

mass of the system and the distance over which energy must diffuse. To

analyze this trend in more detail, we derive a scaling parameter for 𝑡𝑠𝑠
from the governing equations, as shown in the supplementary text. It is

found that the steady state time is proportional to the sum of conductive

and radiative heat transfer resistances, multiplied by the thermal mass:

𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
. The basis for this is that energy must overcome

both of these resistances, in series, for the volume in the center of the

sample to equilibrate.

Fig. 2 illustrates the strong influence of 𝐿∕𝑘 on 𝛥𝑇max and of

𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
on 𝑡𝑠𝑠, respectively. However, independent influ-

ences of 𝜌 and 𝑐𝑝 must also be considered. For this reason, simulations

were performed with varying 𝜌 and 𝑐𝑝. Values of 𝑛 and 𝑇ℎ are kept the

same as in previous cases, and 𝑘 and 𝐿 are given constant values of 5 W

m−1 K−1 and 2.5 mm, respectively. The results (Fig. S4) indicate that

𝛥𝑇max is insensitive to 𝜌 and 𝑐𝑝, and that 𝑡𝑠𝑠 trends upwards with both

larger 𝜌 and larger 𝑐𝑝. The former behavior confirms that 𝐿∕𝑘 is the
dominant factor in determining 𝛥𝑇max in highly absorbing materials.

The latter trend is expected based on the dependence of 𝑡𝑠𝑠 on thermal



A. Caratenuto and D.R. Clarke

Fig. 2. Influence of thermal properties on heating trends in highly absorbing media. Effects of intrinsic thermal conductivity 𝑘 and medium thickness 𝐿 on

(a) maximum temperature difference and (b) steady state time. (c–d) Same data as (a) and (b) plotted against the conductive resistance 𝐿∕𝑘 and 𝐿2∕4𝐷+𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
,

respectively.

mass elucidated earlier. Plotting both variables against the volumetric

heat capacity 𝜌 ⋅ 𝑐𝑝 results in all data series collapsing to one curve,
as seen in Fig. S4. This illustrates that 𝜌 and 𝑐𝑝 modify the thermal

response only through their effect on the volumetric heat capacity,

supporting the dependence of 𝑡𝑠𝑠 on 𝐿
2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3

ℎ
.

In addition to the dependence on the material properties, the UHS

heater temperatures and heating rates will also influence the thermal

response of a sample. In Fig. 3a–b, simulation results are presented

for varying heater temperatures and thicknesses, with other constants

retaining the same values noted earlier. The trends are unsurprising

— 𝛥𝑇max is proportional to 𝑇ℎ, and 𝑡𝑠𝑠 is inversely proportional to

𝑇ℎ. This is because higher heater temperatures produce larger inci-

dent heat fluxes, leading to sharper temperature differences but more

rapid heating of the sample. As noted previously, limiting temperature

nonuniformity is critical for a high material density and uniformity.

One method to reduce 𝛥𝑇max is to decrease the heating rate, as shown

in Fig. 3c–d for a 2.5 mm thick medium. Doing so reduces 𝛥𝑇max
substantially – especially at higher sintering temperatures – as the

sample has more time to equilibrate at lower temperatures. Practically,

if uniformity and density are hindered by differential sintering and/or

nonuniformity, the temperature setpoint may be approached more

slowly to remedy this. The consequence of a slower ramp time (𝑡𝑟)

is a prolonged 𝑡𝑠𝑠, as the time-integrated heat flux in the early stages

of heating is reduced. In general, a prolonged 𝑡𝑠𝑠 can be detrimental

to densification, as much of the benefit of UHS stems from rapidly

reaching high temperatures. However, extending the ramp time only

raises 𝑡𝑠𝑠 on the order of seconds or minutes, which remains far more

rapid than the time scales of conventional sintering. Based on this

result, prescribing a 𝑡𝑟 of 60–90 s can be a simple yet effective option

to enhance sintering uniformity for many materials.

To confirm the derived scaling parameters and provide a simple

method for estimating 𝛥𝑇max and 𝑡𝑠𝑠, we plot the results of all pre-

vious parameterizations against these parameters in Fig. 4. This data

encompasses wide variations in 𝐿, 𝑘, 𝜌, 𝑐𝑝, 𝑇ℎ, and ramp time 𝑡𝑟. To

accommodate these additional variables, the scaling parameters are

extended to include terms for 𝑇ℎ and 𝑡𝑟, as described in the supple-

mentary text. The data is found to fit well with a power law for 𝛥𝑇max
and a simple linear model for 𝑡𝑠𝑠, as shown in the fit equations given

in each plot. Consequently, these equations may be used directly to

estimate UHS temperature nonuniformity and heating time scale for

opaque materials, providing a simple and rapid estimation for sintering

process design.

3.2. Optical properties

The previous section has discussed thermal response trends in

highly absorbing, non-scattering media. However, in the visible/in-

frared

where UHS heating is dominant, many ceramics are translucent, pow-

der compacts are often highly scattering, and 𝑛 varies greatly for

different material choices. Therefore, we now consider how variations

in optical properties influence the thermal response, illustrated through

the simulation results of Figs. 5–7. Unless otherwise stated, 𝑘 = 5 W

m−1 K−1, c𝑝 = 1250 J kg
−1 K−1, 𝜌 = 4000 kg m−3, 𝜌rel = 0.6, 𝑛 = 1.71,

𝑇ℎ = 1700 ◦C (instantaneous ramp), and 𝐿 = 2.5 mm. Where 𝜎𝑠 or

scattering albedo 𝜔 are not explicitly specified (Figs. 5a–b), results are

for non-scattering media.

First, the influence of complex refractive index 𝑛̄ is studied in Figs.

5a–b. The real component 𝑛 mainly influences two quantities: the

Fresnel reflectance at the surface, which is proportional to 𝑛 (as shown

in Fig. 5c), and the internal emitted intensity 𝐼𝑏, which scales with 𝑛
2. A
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Fig. 3. Influence of UHS sintering parameters on thermal response in highly absorbing media. Effect of UHS heater temperature and thickness 𝐿 on (a)

maximum temperature difference and (b) steady state time. Effect of UHS heating rate and heater temperature (c) maximum temperature difference and (d)

steady state time. Simulations in (b) and (d) are performed for simulation times of 60 s and 120 s, respectively. For cases which do not reach steady state within

the simulation time, values are omitted from the plots.

Fig. 4. Expanded scaling and best fit lines. Combined datasets for (a) 𝛥𝑇max and (b) 𝑡𝑠𝑠, plotted against their identified scaling parameters. For the line of best

fit equations, 𝑋 = (𝐿∕𝑘)𝑇 4
ℎ
𝐹𝑜−1

𝑡𝑟
for (a) and 𝑋 = 𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3

ℎ
+ (𝑇ℎ ⋅ 10−4 + 0.61)𝑡𝑟 for (b).

higher reflectance reduces the incoming heat flux, thereby slowing the

rate of temperature increase. In most regions, this effect dominates such

that higher values of 𝑛 yield lower values of 𝛥𝑇max and higher values of

𝑡𝑠𝑠. However, this trend is not independent of the imaginary component

𝜅, which is directly proportional to the absorption coefficient. The

absorption length 𝑙 – equal to 1/𝛼 – indicates the depth at which

an intensity is attenuated by a factor of 1/𝑒 (i.e., reduced to 37%

of its original value). Within 3𝑙, 95% of the intensity will have been

absorbed. Therefore, when the medium thickness 𝐿 is approximately

3𝑙, incident intensity is completely absorbed, but this absorption is

distributed volumetrically rather than occurring at the surface. For

𝐿 = 2.5 mm, this corresponds roughly to 𝛼 = 103 m−1, shown as a

dashed line in Figs. 5a–b. Above this threshold, absorption becomes

more localized at the surface, while below this threshold, a portion of

the incident radiation may transmit through the medium without being

absorbed.

Correspondingly, an inflection point in the observed trends occurs

at 𝐿 = 3𝑙. At lower values of 𝛼, 𝑡𝑠𝑠 rises sharply as a result of the

incomplete absorption of incident radiation. Temperature differences

approach zero, due to both a lower heat flux and a more uniform

distribution of absorption. At higher values of 𝛼, 𝛥𝑇max rises as ab-

sorption becomes increasingly localized at the surface. Once 𝛼 reaches

105 m−1, radiation is absorbed within the first few microns of the

medium, typically in the range of the particle size. Further increases
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Fig. 5. Influence of optical properties on thermal response during UHS. Effects of refractive index and absorption coefficient on (a) maximum temperature

difference and (b) steady state time. Time data for simulations which did not reach steady state within 60 s are omitted. Extinction coefficient values corresponding

to each absorption coefficient are shown on the top x-axis. (c) Hemispherical Fresnel reflectance values for media of varying complex refractive indices.

in absorption have little influence, until 𝜅 reaches the same order of

magnitude of 𝑛, at which point the Fresnel reflectance becomes very

large (Fig. 5c). The effects of this are similar to the trends noted for

higher 𝑛: a prolonged 𝑡𝑠𝑠 and a reduced 𝛥𝑇max, both due to a limited

incident heat flux.

Note that when 𝛼 is very small, a lower 𝑛 extends 𝑡𝑠𝑠. This appears

counterintuitive, as a higher Fresnel reflectance generally prolongs

heating as seen in the remainder of these curves. However, when 𝛼 is

sufficiently small, its magnitude is comparable to the 𝑛2 term in 𝐼𝑏. Both

𝑛 and 𝛼 contribute to emission; hence, when they are of comparable

magnitude, changes in 𝑛2 have a noticeable influence on the strength

of internal emission. Therefore, a higher 𝑛 results in more efficient

radiative transfer within the medium, reducing 𝑡𝑠𝑠 when 𝛼 is small

enough. Of additional note is the minimum in 𝑡𝑠𝑠 observed at 𝐿 =

3𝑙. At this point, the medium absorbs all incident energy from the

heaters, but with maximum uniformity within the volume (as dictated

by the Beer–Lambert law). This condition results in the most time-

efficient heating of the medium while maintaining a low value of 𝛥𝑇max.

In terms of sintering uniformity, this would be a highly optimal case

for minimizing temperature and densification nonuniformities. Overall,

these results show that in the absence of scattering, heat transfer

dynamics in a sample during UHS are influenced by 𝑛̄ primarily via

its effect on the surface reflectance and absorption coefficient, with

different regimes separated by the 𝐿 = 3𝑙 condition.

The influence of scattering is made apparent through the results of

Fig. 6. Higher scattering coefficients are observed to increase 𝛥𝑇max.

Generally, a highly scattering medium will exhibit greater reflectance

than an otherwise identical non-scattering medium due to enhanced

diffuse reflectance from backscattering. As such, it may appear surpris-

ing that a higher diffuse reflectance results in a larger 𝛥𝑇max (Fig. 6a),

while a higher Fresnel reflectance (higher 𝑛) results in a smaller 𝛥𝑇max
(Fig. 5a). However, Fresnel reflectance occurs at the surface, while

subsurface scattering is a volumetric phenomenon. Even with a large

scattering coefficient, incident radiation which enters the medium and

is subsequently backscattered still experiences attenuation as it travels

through the volume. Therefore, a scattering medium with sufficient

absorption not only preferentially absorbs at the surface, but also

limits radiative penetration. This enhances resistance to radiative heat

transfer through the medium, resulting in a larger 𝛥𝑇max.

The influence of 𝜎𝑠 on 𝑡𝑠𝑠 is dependent on whether the medium

is highly absorbing (3𝑙 ≪ 𝐿) or has low/intermediate absorbance

(3𝑙 ≥ 𝐿). In highly absorbing media, the medium reaches steady

state slightly faster when scattering is increased. On the other hand,

low/intermediately absorbing media take longer to reach steady state

for higher scattering coefficients. These behaviors express a nuanced

relationship between an increased path length and diffuse reflectance

from scattering, a change in the distribution of absorbed intensity,

and the interplay between conduction and radiation. We attribute the

prolonged heating time in low absorption media to enhanced extinction

and diffuse reflectance losses, and the more rapid heating in high

absorption media to enhanced radiative diffusion from scattering. In the

latter case, diffuse losses are unlikely to contribute as the absorption

length is sufficiently small. While additional analyses may provide

additional detail, 𝑡𝑠𝑠 varies only minimally with scattering, such that

realistic optimization of UHS will not be hindered by this uncertainty.

In all cases, noticeable changes in 𝛥𝑇max and 𝑡𝑠𝑠 occur only once

𝜎𝑠 is of comparable magnitude to 𝛼. The scattering albedo 𝜔 repre-

sents the amount of scattering relative to total extinction, making it

a useful metric to present absorption and scattering interplay more

clearly. Figs. 6c–d present results in terms of variable 𝜔 rather than 𝛼

and 𝜔 individually. Trends of 𝛥𝑇max are clearer from this perspective:

temperature differences increase exponentially with scattering albedo,

with the magnitude of 𝛥𝑇max being dictated by 𝛼. Looking back at

Fig. 2, it is worth noting the similarities in the response of 𝛥𝑇max
to reductions in 𝑘 (higher conductive resistance) and increases in 𝜔

(higher radiative resistance). In contrast, behaviors remain difficult to

generalize for 𝑡𝑠𝑠. These results show that 𝛥𝑇max is clearly proportional

to scattering albedo, while 𝑡𝑠𝑠 has a less sensitive and varied response

to changes in scattering.

Finally, a simultaneous parametrization of thermal and optical prop-

erties is shown in Fig. 7. Here, absorption coefficient, scattering albedo,

and thermal conductivity are varied, resulting in hierarchical trends.

The inversely proportional and exponential dependence of 𝛥𝑇max on

𝑘 is similar to that of Fig. 2a, and additional scattering continues

to increase 𝛥𝑇max for all 𝑘. Lower absorption coefficients also reduce

temperature differences for the same reasons discussed previously.

For 𝛥𝑇max, these effects are additive, with all influencing the thermal

response simultaneously. As for 𝑡𝑠𝑠, multiple regimes are observed once

again. In highly absorbing cases, 𝑡𝑠𝑠 decreases with higher 𝐷 (as in

Fig. 2d), but for lower absorption coefficients, the steady state time

is dictated by absorption and independent of 𝑘. Scattering may also

slightly lower or slightly raise 𝑡𝑠𝑠 depending on the absorption regime,

as was observed in Fig. 6d.

To generalize these trends as in Figs. 2c–d, we seek combined

terms to isolate the parameters of influence, beginning with the same

quantities (𝐿∕𝑘 and 𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
). As is clear from Figs. 5 and

6, the proportionality between the absorption coefficient and medium

thickness strongly influences thermal response. We therefore define

a proportionality function 𝛹 as 𝛹 = 1 − 𝑒−𝑝(𝛼+𝜎𝑠)𝐿 to help elucidate

optical and thermal interplay (𝑝 is a dimensionless fitting parameter).

This function captures the exponential dependence of intensity on

absorption, scattering and path length, with a form similar to many

fundamental equations which describe the extinction of light as it

propagates through a medium [18]. Based on the relative magnitudes

of 𝐿, 𝛼, and 𝜎𝑠, 𝛹 incorporates the differences in thermal transport

observed in different optical property regimes (e.g., low versus high

extinction).

Figs. 7c–d present the simulation data of Fig. 7a–b plotted versus

𝐿∕𝑘 ⋅ 𝛹 and [𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
] ⋅ 𝛹 to condense thermal and optical
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Fig. 6. Combined effects of scattering and absorption. Influence of scattering coefficient and absorption coefficient on (a) maximum temperature difference

and (b) steady state time. Similar cases are shown in (c) and (d), respectively, but with variations in scattering albedo rather than scattering coefficient.

Fig. 7. Combined effects of thermal and optical properties on UHS thermal response. (a) Maximum temperature differences and (b) steady state times

for selected variations in thermal conductivity, absorption coefficient, and scattering albedo. (c) and (d) show the same data plotted against modified scaling

parameters to generalize the observed relationships. While 𝛥𝑇max shows a clear trend with the modified parameter, 𝑡𝑠𝑠 does not. A heater temperature of 1700
◦C

is used.
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trends observed during UHS (note that these are the original forms of

the scaling parameters from Fig. 2, to make clear that 𝑇ℎ and 𝑡𝑟 are not

explicitly varied in these parameterizations). A value of 0.05 is found

to be suitable for 𝑝. A very reasonable trend of 𝛥𝑇max with 𝐿∕𝑘 ⋅ 𝛹
is obtained, as seen in Fig. 7c. Some separation of curves is observed

for highly scattering cases; however, considering the complexity of the

simulated cases, 𝐿∕𝑘 ⋅ 𝛹 is quite capable of generalizing trends of

𝛥𝑇max for vastly different sets of thermal and optical properties. For

𝑡𝑠𝑠, though, optical properties continue to complicate trends due to

several reasons. First, 𝛹 is a monotonic function, whereas 𝑡𝑠𝑠 exhibits

non-monotonic behaviors with optical properties (for example, having

local maxima at both very low and very high values of the absorption

coefficient). Additionally, the derivation of [𝐿2∕4𝐷 + 𝐿𝜌𝑐𝑝∕2𝜎𝑇 3
ℎ
] as-

sumes radiative absorption and thermal diffusion occur in series. While

this is applicable to earlier highly absorbing cases, this assumption

breaks down as absorption coefficients decrease and energy transport

by conduction and radiation become more independent of one another.

While a more in-depth and focused analysis on 𝑡𝑠𝑠 may reveal a clearer

trend, this quantity varies only about 2× across these parameters. As

this level of variation in the heating time scale is unlikely to hinder

practical UHS process design, this approach may be used to obtain an

order-of-magnitude estimate for 𝑡𝑠𝑠.

3.3. Temperature dependence and densification

Until this point, simulations have assumed a constant relative den-

sity of 0.6, representative of a powder compact in the earliest stages

of sintering. In practice, density will evolve during UHS – often quite

rapidly – which can have pronounced effects on temperatures (and

densities themselves, due to nonlinearities). Additionally, thermal and

optical properties may be functions of temperature, density, or both,

changing quickly as the material heats and sinters. In this section, we

present results for two systems – alumina and yttria-stabilized zirconia

(YSZ) – considering both temperature dependence and densification.

These materials are used for illustration as both have relatively low

thermal conductivities, and MSC data exists for high purity, sub-micron

powders.

Four simulation cases are considered for the same heating param-

eters: with and without densification, and with and without thermal

property temperature dependence. Literature MSCs and thermal prop-

erty data are used for alumina [23,35] and YSZ [36–38]. For the

non-densifying cases, the lowest point on the MSC (the green relative

density) is used as a constant relative density. Optical constant data

is obtained from ellipsometer measurements for alumina, and is taken

from the literature for YSZ [39]. For cases that do not consider tem-

perature dependence, properties are evaluated halfway between the

ambient and sintering temperatures (e.g., for the employed sintering

temperature of 1650 ◦C, 𝑘 and 𝑐𝑝 are evaluated at 815
◦C and treated

as constants). We assume a starting particle diameter of 200 nm (corre-

sponding to many high-quality industrial ceramic powders [33]). Inputs

for these simulations are summarized in Table S1.

These results are shown in Figs. 8–9 and S5–S7. For both materials,

𝛥𝑇 spikes in the early stages of the simulation, followed by a gradual

approach to steady state within the first 30 s. For alumina, two distinct

behaviors are observed for different models. For constant property

models, 𝛥𝑇max is slightly higher and occurs earlier than for temperature

dependent models. As in many ceramics, the thermal conductivity

of alumina is inversely proportional with temperature from ambient

to high temperatures (up until a minimum value of 𝑘 is reached).

Therefore, choosing a constant 𝑘 at an intermediate temperature is an

underprediction in the first few seconds (𝑘alumina, for example, drops

from about 33 to 7.5 W m−1 K−1 as it rises from room temperature to

850 ◦C). Thus, 𝛥𝑇max occurs slightly earlier and with greater magnitude

than in the temperature dependent cases. This is a shared characteristic

for YSZ, and occurs regardless of whether densification is modeled.

Secondly, considering densification lowers 𝑡𝑠𝑠. Both alumina and

YSZ experience substantial densification prior to reaching steady state

in these simulations. As per our model, densification raises 𝑘, lowers 𝐿,

and results in more efficient absorption and less scattering. According

to previous analyses, these factors lead to enhanced thermal dissipation

and accelerate equilibration. This is obvious from Figs. 8a and 9a,

where 𝛥𝑇 curves for densifying cases decrease more rapidly around

5–7.5 s — approximately when the materials begin densifying. Note

also that YSZ experiences far greater temperature nonuniformity than

alumina. This is because the thermal conductivity of YSZ is about 3

times lower, while its absorption coefficient is roughly the same as

that of alumina in this wavelength region. With these characteristics,

YSZ is an example of a material that would particularly benefit from

model-informed UHS process design.

Assuming constant properties and neglecting densification results in

overpredictions in 𝛥𝑇max and 𝑡𝑠𝑠, but the magnitudes of these deviations

are not overly severe. Simulating temperature dependence and densifi-

cation will provide higher accuracy, but deviations when these factors

are neglected are within 10%–20%. The major utility of this model

is to estimate sintering homogeneity and temperature rise time scales

within samples during UHS. While a simulation fully integrated with

temperature dependent properties and MSC data will provide a more

precise estimate, even a simplified case offers insights with reasonable

accuracy which can be used to improve UHS parameter design. It is also

worth commenting on the interplay between densification and thermal

response. Densification results in more rapid temperature stabilization,

but does not influence 𝛥𝑇max, as the largest temperature difference

occurs prior to the onset of densification in these cases.

Simulated differences of 𝜌rel are also worth discussing: in these

simulations, large inhomogeneities in temperature cause differences in

sintering activity between the surface and center regions, with the sur-

face densifying quicker than the inside. However, when the simulated

density distribution is nonuniform, it may not be identical to that of a

physical system. The MSC approach assumes that samples experience

uniform heating, which is not true in such cases. Furthermore, prefer-

ential densification at sample surfaces may cause constrained sintering,

introducing stresses that prevent other regions from densifying. As our

model does not incorporate mechanics nor explicitly adapt the MSC

to nonuniform heating, spatial distributions of 𝜌rel in cases with low

sintering uniformity may likely deviate from experiments. However, the

magnitude and temporal distribution of 𝛥𝜌rel remains a valuable metric

for assessing sintering uniformity and designing UHS procedures. With-

out considering densification, dense and uniform UHS samples may

be sought by optimizing for minimal 𝛥𝑇max and 𝑡𝑠𝑠 simultaneously.

Yet, the densification dynamics of different materials have different

dependencies on temperature. Thus, by incorporating MSC data, one

may optimize for minimal 𝛥𝜌rel and time to full densification, thereby

incorporating the detailed temperature dynamics of densification for a

specific material.

4. Experimental validation

To validate the model, alumina (AKP-50, Sumitomo Chemical Co.)

powder compacts are sintered using UHS, and densities are compared

with model predictions (Fig. 10). Seven different sintering procedures

are performed to yield a range of densities as outlined in Table 1. Dur-

ing each experiment, time-dependent heater temperatures are recorded.

These temperatures are then used as the heater temperature within

the simulation (considering both property temperature dependence and

densification) as shown in Fig. 10b. The average density calculated

by the model after heating is then compared with experimental mea-

surements of density, as shown in Fig. 10c. Additional details on the

experimental procedures are provided in the experimental methods

section.

Good agreement between experimental and model-predicted densi-

ties is obtained across a range of sintered densities, from close to the
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Fig. 8. Influence of densification and temperature dependence of alumina on simulation results. (a) Temperature differences versus time for a 2.5 mm

thick alumina medium sintered at 1650 ◦C, simulated using different densification and temperature dependence assumptions. Corresponding evolutions in relative

density for densifying cases are shown in (b). (c) and (d) provide comparative results when different assumptions are used for maximum temperature difference

and steady state time.

Fig. 9. Influence of densification and temperature dependence of YSZ on simulation results. (a) Temperature differences versus time for a 2.5 mm thick

YSZ medium sintered at 1650 ◦C, simulated using different densification and temperature dependence assumptions. Corresponding evolutions in relative density

for densifying cases are shown in (b). (c) and (d) provide comparative results when different assumptions are used for maximum temperature difference and

steady state time.



A. Caratenuto and D.R. Clarke

Fig. 10. Experimental validation. (a) Pyrometer view of UHS heating elements. Due to slight spatial variations in temperature along the length of each felt,

pressed powder samples are placed slightly off-center, while the pyrometer measures the corresponding location in the other direction to provide a more reliable

temperature measurement. (b) Simulation results obtained using measured heater temperatures as model inputs, illustrated for Case 6. Simulated temperature and

relative density curves are shown, with solid and dashed lines for top and bottom surface temperatures, respectively. The final density estimated by the model

is the average density within the medium after the final time step. Note that the maximum sample temperature is slightly below the heater temperature as the

emittance of the heater is less than 1.0, as determined experimentally. (c) Comparison of measured and predicted relative densities for different experimental

cases. Case parameters are given in Table 1. The maximum difference in relative density predicted for each case is also shown on the right y-axis. (d–i) SEM

micrographs of sintered alumina at magnifications of approximately 20 kx. Images are taken on the bottom face of all samples for consistency. Additional SEM

images are provided in Figs. S9 and S10.

Table 1

UHS parameters for alumina sintering experiments shown in Fig. 10. A heating

rate of ∼1000 ◦C s−1 indicates the heater was brought to temperature as

rapidly as possible (within 1–2 s).

Experimental case Hold temperature (◦C) Heating rate (◦C s−1) Hold time (s)

1 1350 23 60

2 1375 23 35

3 1400 23 55

4 1500 23 35

5 1600 23 75

6 1600 ∼1000 60

7 1600 ∼1000 90

green density to near-theoretical density. The largest deviation (about

7%) in predictions occurs around 75% relative density, where the MSC

slope is steepest. As a result, density predictions are most susceptible

to small errors in this range. Otherwise, model-predicted densities are

within 3% of the experimental measurements. These results illustrate

that the constructed simulation model produces accurate results for

temperature and densification during UHS.

Samples are imaged using SEM to validate density measurements

and draw further conclusions from the microstructure. Figs. 10d–i and

S9–S10 show that microstructures are consistent with experimentally

measured densities. The first two cases show little densification with

only early-stage neck growth. As sintering temperatures increase and

longer times are used, neck growth continues and initial grains begin

to form (Cases 3 and 4). Case 5 illustrates a very dense structure with

larger grains, though the grains themselves are still reasonably small

(about 1 μm or less).

Of particular note are differences in the densities and microstruc-

tures of Cases 5–7. Using our model, these cases were designed to sinter

alumina to near-theoretical density, as demonstrated by the simulation

predictions in Fig. 10c. However, Case 5 achieves a higher density

than 6 and 7, despite nearly identical values of predicted density and

sintering function 𝛩 (Fig. S8). The key distinction is the heating rate:

Case 5 ramps the heater to 1600 ◦C over 60 s (23 ◦C s−1), while Cases

6 and 7 ramp the heater as quickly as possible (1–2 s). Compared with

Case 5, the near-instantaneous heater temperature rise used in Cases

6 and 7 results in larger differences of 𝜌rel and temperature (shown

in Figs. 10c and S8), indicating a high sintering nonuniformity. As

such, the more rapidly heated samples may experience constrained

sintering and limited densification. The SEM images for Cases 6 and

7 depict a less dense microstructure than that of Case 5 (Figs. 10,

S9 and S10), agreeing with the density measurements. Furthermore,

Cases 6 and 7 have similar experimentally-measured densities and

porous microstructures despite Case 7 being sintered 50% longer. In

sum, large model-predicted temperature and density inhomogeneities

correspond to lower densities, and extending sintering time does not

aid densification when the heating rate is very rapid. This indicates

that temperature uniformity-related issues constrain densification and

lead to departures from MSC predictions, and that our model provides

a measure of these behaviors. Thus, this model is capable of optimizing
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UHS processes to produce highly dense and uniform materials, which

can be performed by minimizing simulated temperature and density

differences.

5. Discussion

This UHS simulation model is useful as both a general tool to

establish thermal trends in materials of different properties, and as

a highly detailed tool through which UHS procedures may be de-

signed to optimize uniformity when sintering specific materials. For

highly absorbing media, maximum temperature differences are dictated

by the conductive resistance, heater temperature, and dimensionless

ramp time ((𝐿∕𝑘)𝑇 4
ℎ
𝐹𝑜−1

𝑡𝑟
), and heating times trend with thermal mass,

conductive and radiative resistance, and the ramp time ([𝐿2∕4𝐷 +
𝐿𝜌𝑐𝑝∕2𝜎𝑇 3

ℎ
+ (𝑇ℎ ⋅ 10−4 + 0.61)𝑡𝑟]). Equations for estimating temperature

differences and heating times based on these relationships are provided

in Fig. 4. Higher sintering temperatures cause more rapid heating and

larger temperature differences, and temperature differences may be

reduced by slowing the heating rate at the expense of heating time.

Thermal response is highly dependent on the absorption coefficient,

with a transition between volumetric and surface heating at 3𝑙 = 𝐿.

When the absorption length is comparable to the medium thickness,

an optimal balance between heating time and temperature difference

is obtained. Additionally, optical scattering is found to increase tem-

perature difference due to increased resistance to radiative transfer.

Overall, we find that both the thermal and optical property trends

influence thermal response simultaneously, with 𝑘∕𝐿 and 𝛼∕𝐿 emerg-

ing as the most important dictating material properties for heating

uniformity. The dependence of the thermal response on absorption and

scattering, in particular when materials are not both highly absorbing

and non-scattering, highlights the necessity of considering radiative

transport within the medium during UHS. When the property tem-

perature dependence and density evolutions are considered, the same

trends are generally observed. Considering that densification causes

steady state to be achieved slightly more rapidly, selecting a constant

𝑘 at an intermediate temperature (rather than considering temperature

dependence) results in a minor over-prediction of 𝛥𝑇max. Even so, good

estimates for temperature homogeneity and steady-state time scales can

still be achieved without incorporating densification and temperature

dependence.

Experimentally, we find that density predictions are more accu-

rate when spatial differences in density and temperature are low. In

our demonstration with alumina, departures from density predictions

and signs of constrained sintering appear for relative density and

temperature differences of 1% and 40 ◦C, respectively. Less rapid

heating rates reduce these differences to 0.2% and 5 ◦C and produce

higher-density samples. This also validates the earlier supposition that

sintering nonuniformity may be reduced by extending the ramp time.

The threshold of temperature or density uniformity at which densifica-

tion becomes constrained may vary with material choice and particle

morphology due to differences in sintering activity. However, choosing

heating schedules that limit temperature differences to several degrees

Celsius and density differences to about a tenth of a percent (which

may be done through this model) appears an appropriate starting point.

While performing such optimizations with MSC data and temperature-

dependent properties is most accurate, optimizing for temperature

uniformity with constant properties presents a less complex alternative.

The latter approach provides more conservative results, as it neglects

the material-specific temperature dependencies of properties and sin-

tering which tends to result in slight overestimates of 𝛥𝑇max and 𝑡𝑠𝑠.

Nonetheless, both approaches offer good opportunities for researchers

to optimize UHS procedures for diverse materials without engaging in

time-intensive experimental trial and error.

It is worth emphasizing the limitations of this methodology and

areas for future work. One shortcoming of the 1D model developed in

this work is that it does not incorporate the effects of stress gradients

that arise due to mechanical constraints from regions that densify

more quickly. This would require a two- or three-dimensional model

that also couples long-range densification stresses and stress relaxation

mechanisms, such as creep, as a function of temperature and den-

sity. This would greatly complicate the model, and for this reason,

we have adopted 𝛥𝑇max as a proxy for densification differences. It

is likely, though, that as the densification during UHS is so rapid,

stress relaxation is unlikely to occur. Also, although the focus of this

contribution has been on low thermal conductivity materials, the same

model applies to the sintering of metals and alloy powders. How-

ever, their significantly higher thermal conductivity will prevent a

large 𝛥𝑇max from developing during UHS and, consequently, lower the

likelihood of density gradients and constrained sintering. In addition,

we have illustrated accuracy for relatively thin samples which may

be approximated as 1D domains; however, geometries which deviate

from this will require expansion into 2D or 3D coordinate systems.

Also, extending the MSC approach to materials of different grain size

or composition requires identifying (or generating) suitable empirical

data to construct an MSC, which may be labor-intensive if it does

not already exist. Finally, more detailed factors such as grain size and

morphology evolution, scattering anisotropy, and the magnitude of

surface conduction and convection effects may be considered as well.

These limitations present opportunities for future work in similar areas.

6. Conclusion

We have developed a Python-based simulation model for heat trans-

fer and densification in powder compacts densified by UHS. The model

combines the influences of thermal and optical properties to accurately

assess temperature and densification uniformity in materials, consider-

ing property dependencies on temperature, density, particle size, and

spectral variation. Using this model, we find that sintering uniformity

is most dependent on the thermal conductivity, absorption coefficient,

and thickness of the material. In particular, the relative absorption

depth of the material determines whether heating is concentrated at

the surface or distributed volumetrically, which has a large influence

on uniformity. Good agreement between experimental and modeled

densities is observed, which validates model accuracy. We show that

minimizing simulated temperature and density differences produces

denser, more uniform samples, illustrating the utility of this model

for informing rapid sintering process design. We also provide a new

method for estimating temperature uniformity and heating time scales

for a variety of materials, geometries, and sintering parameters. These

findings and the simulation model may be used as a reference to design

UHS procedures that produce uniformly sintered samples for diverse

materials, circumventing time-consuming experimentation.

Experimental methods

For experimental sintering demonstrations, high-purity alumina was

obtained from Sumitomo Chemical Co. (AKP-50, purity ≥ 99.99%,

D50 200 nm). Powder compacts are produced by adding 0.17 g of

alumina to a 10 mm diameter cylindrical die. The powder is pressed

at 2 MT using a Carver hydraulic press for 3 min, after which they are

transferred to the UHS system for sintering.

The UHS system is housed in a vacuum chamber (see Fig. S3). The

chamber is pumped to 300 mTorr and subsequently filled with argon

gas prior to sintering. A power supply (Elektro-Automatik, 100080-170)

provides the electrical power input. Carbon felt (Fuel Cell Store, 3.1 mm

Rayon Carbon Felt, 22070012) is used for the heating elements. Two

identical pieces of felt are cut into dog bone shapes, with the center

section being 30 × 25 mm and both ends being 20 × 30 mm. The

felts are then sandwiched around graphite blocks, which are attached

to the power supply using high-current alligator clips. Green powder

compacts are placed between the two felts for sintering. A vertical

spacing of about 8 mm is maintained between the two felts to facilitate
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accurate temperature measurement. A two-color pyrometer (Optris

CSvision R1M) is used to measure the inside surface temperature of

the bottom felt (the inside surface must be used for measurement as

the outside surface may be several hundred degrees Celsius cooler than

the inside). The felts also display minor lateral temperature deviations

(about 10–30 ◦C), with the center of the felt being the hottest. To

measure the temperature that the sample experiences most accurately,

the powder compact is positioned slightly off-center such that the

pyrometer can measure the corresponding off-center location in the

other direction. Temperatures are set and controlled via PID using a

custom built LabVIEW VI, which modifies voltage to achieve user-

specified temperatures and heating rates. After sintering, density is

measured according to ASTM C373.

For the modeling of experimental cases, the emittance of the carbon

felt heating elements is determined from hemispherical reflectance

and transmittance measurements. From 0.35–2.5 μm, a Hitachi U-4100
spectrometer with an integrating sphere is used. From 2.5–20 μm, a
ThermoFisher Nicolet iS50 FTIR spectrometer with a PIKE DiffusIR

integrating sphere is used. The emittance of the felt is determined based

on a Planck average of emittance using the maximum temperature

of the heater as the emission temperature. The determined emittance

value is approximately 0.95 for all experimental cases. SEM images

are obtained using a Zeiss Gemini 360 FE-SEM at an acceleration

voltage of 5 kV. Samples are sputter coated with 10 nm of Pt/Pd

prior to imaging. Optical constants for alumina are obtained from

a polycrystalline sapphire wafer (Saint-Gobain) using a JA Woollam

IR-VASE Mk 2 spectroscopic ellipsometer.
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